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Abstract. Topological quivers are generalizations of directed graphs in which 
the sets of vertices and edges are locally compact Hausdorff spaces. Associ- 
ated to such a topological quiver Q is a C*-correspondence, and from this 
correspondence one may construct a Cuntz-Pimsner algebra C'*{Q). In this 
paper we develop the general theory of topological quiver C*-algebras and 
show how certain C*-algebras found in the literature may be viewed from this 
general perspective. In particular, we show that C*-algebras of topological 
quivers generalize the well-studied class of graph C*-algebras and in analogy 
with that theory much of the operator algebra structure of C* (Q) can be deter- 
mined from Q. We also show that many fundamental results from the theory of 
graph C* -algebras have natural analogues in the context of topological quivers 
(often with more involved proofs). These include the Gauge- Invariant Unique- 
ness theorem, the Cuntz-Krieger Uniqueness theorem, descriptions of the ideal 
structure, and conditions for simplicity. 



1. Introduction 

In recent years directed graphs have played an important role in the construc- 
tion and analysis of C*-algebras. The virtue of describing a C*-algebra in terms 
of a graph lies in the fact that many abstract properties of the C* -algebra corre- 
spond to easily manageable and computable parameters of the graph. Furthermore, 
this description not only gives a useful perspective for studying certain classes of 
C*-algebras, but also provides a method for easily producing C*-algebras with 
particular properties. 

Many C*-algebras, such as Cuntz algebras and Cuntz-Krieger algebras, are de- 
fined in terms of generators that satisfy relations which may be directly represented 
in terms of such graphs. For other C* -algebras, including some that arise in repre- 
sentation theory (see [SZ1EH1E2I) and the theory of quantum spaces (see [231^), 
it is an issue of considerable importance in their analysis to determine how they 
may be represented by a graph. At the same time, there are numerous C* -algebras 
resembling Cuntz algebras and Cuntz-Krieger algebras that may be profitably an- 
alyzed in terms of structures that might well be called "continuous graphs" ; that 
is, graphs whose spaces of vertices and edges are topological spaces. 
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To our knowledge, the first studies along this line are due to Deaconu (see 
[HI El lini lllj ) who was interested in groupoid representations of Cuntz-like C*- 
algebras associated to (non-invertible) maps of topological spaces, i.e. to endomor- 
phisms of Co{X). However, there are some measure-theoretic antecedents due, in 
particular, to Vershik and Arzumanian [501 121 E] where endomorphisms of L°°- 
spaces were investigated. The Arzumanian- Vershik-Deaconu program was taken 
up by a number of people and from a variety of viewpoints, but the groupoid per- 
spective was put into final form in the work of Arzumanian and Renault [Tll^. 
Deaconu's results were the most definitive in the setting where the endomorphisms 
considered came from covering maps. 

This led Deaconu and the first author of this paper to investigate in ^2] whether 
one can extend the groupoid analysis of endomorphisms of Ca{X) to the setting 
where the endomorphism is induced by a branched covering. It turned out, however, 
that this is not possible — at least not without some modifications. Branch points 
cause difficulties with building a Haar system for the groupoid. The modification 
proposed in |12| was simply to excise the branch set, and to focus on the groupoid 
coming from the local homeomorphism that is defined on its complement. While 
some information is lost in this process, a rich structure remains and a C*-algebra 
may be constructed that codifies the dynamics of the local homeomorphism and 
reflects at least some of the properties of the branch set. In order to study this C*- 
algebra, and in particular to compute its A'-thcory, the authors found it beneficial 
to use technology pioneered by Pimsner in his seminal paper j44) in order to realize 
the C* -algebra as what is nowadays called a Cuntz-Pimsner algebra. Pimsner 's 
work, in turn, was profoundly influenced by the theory of certain graph C* -algebras 
(viz. Cuntz-Krieger algebras) and the interactions between his theory and graph 
C*-algebras continues — independent of the current investigation. 

To glimpse the connections among branched coverings, Cuntz-Pimsner algebras, 
and graphs, consider the very simple case where the space X is compact (e.g. the 
2-sphere) and the map / is a branched covering of X with finitely many branch 
points (e.g. a rational function). We then obtain a graph by letting X be both the 
set of vertices and the set of edges. The source of x, when x is viewed as an edge, 
is simply x thought of as a vertex; i.e., the source map is the identity. The range of 
X, when x is viewed as an edge, is simply the point f{x) in X, viewed as a vertex. 
That is, the range map is /. In this way we have a graph; however, there is an 
additional bit of structure which plays an important role for us: Since the map / is 
open by the definition of 'branched covering' (see |12[ Definition 2.1]), we may apply 
general theory 6 to assert that for each x & X, there is a measure A^; with support 
f~^{x) such that for each ^ e C{X) the fimction x ^ j ^{t) dX^it) is also in C{X). 
Of course, in our special setting, where there are only finitely many branch points, 
Xx may be taken to be counting measure on f~^{x) when a; is a regular point, and 
a suitable weighted counting measure on f^^{x) when x is a branch point. In fact, 
when X is the 2-sphere and / is a rational map, Kajiwara and Watatani [27| have 
identified the weights in terms of the so-called "branching index" of /. The family 
of measures {Xx}x£X forms what is known in the literature as a (full) f -system 
|48[ p. 69]; it is closely related to the notion of a transfer function which Exel used 
to study crossed products of C{X) (and other C*-algebras) by endomorphisms via 
Cuntz-Pimsner algebras ^JEI- With this data the space G{X) may be viewed 
both as a C* -algebra and as a "correspondence" or "Hilbert bimodule" X over 
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C{X). The left action of C{X) on X is just pointwise multiplication, while the 
right action is induced by / and given by f • a{x) := ^(x)a(/(a;)). The C(X)-valued 
inner product on X is given by the formula 



for ^, rj e X . With this bimodule structure, work of Pimsner enables one to con- 
struct a C* -algebra, 0{X), which, when the map / is a homeomorphism, is the 
transformation group C*-algebra, C*(X, Z, /). 

Inspired by the example of branched coverings and other considerations, the 
first author and Solel introduced the notion of a topological quiver 001 ■ This is 
a quintuple Q = {E^ , ,r, s, X), where E° and E^ are locally compact Hausdorff 
spaces, r and s are continuous maps from E^ to E'^ with r open, and A = {A„}t,g£;o 
is an r-system. Thus, from a purely set-theoretic perspective, Q is a graph. The 
r-system is added to enable one to replace sums that arise in the graph theoretic 
setting with integrals. The term "topological quiver" was adopted out of deference 
to the ring-theoretic use of the term "quiver" which was introduced by Gabriel in 
[221 to describe the graph associated to a so-called basic algebra. There is a bijective 
correspondence between (hereditary) basic algebras and graphs, and nowadays the 
term "quiver" is universally used to refer graphs in the ring theoretic setting. 

The space Co{E°) is, of course, a C*-algebra and Cc{E^) becomes a pre-C*- 
correspondence over Co{E'^) in the following way: The module actions are given by 
the formulae 



and the inner product is given by Eq. 11.11 The completion X of Cc{E^) in the 
norm coming from the inner product is a C*-correspondence over Co{E^) and the 
Cuntz-Pimsner algebra of X, 0{X), was one of the objects of study in ^Uj. It is 
clear that our analysis of branched coverings fits into this broader framework. Also, 
if Q = {E°, E^, r, s, A) is an ordinary graph, so that E^ and E^ are discrete spaces 
and A consists of counting measures, then 0{X) is the usual graph C*-algebra 
associated to Q that has been so thoroughly investigated in recent years. (To be a 
bit more precise, one has to modify Pimsner's original definition of 0{X) slightly to 
capture the C*-algebra of a graph due to possible "sinks" in the graph. However, 
we shall take up this subtlety later.) 

Our objective in this paper is to pick up where jlUl left off by establishing 
basic facts about topological quiver algebras, analyzing parallels with the theory 
of ordinary graph C*-algebras, and highlighting novelties of the theory that result 
from the imposition of topological constraints. In one sense, one would certainly 
expect strong parallels with the theory of graph C*-algebras. However, as we 
have found, when parallels exist the proofs are often much more difficult. Also, 
differences between discrete spaces and general locally compact Hausdorff spaces 
must of course be taken into consideration. How to do this is our focus. 

We want to call attention here to two other papers that were inspired, at least 
in part, by and 001 j and which have some overlap with this paper. The first 
is the important study by Katsura [211, where topological quivers {E^ , E^ ,r, s, X) 
with the property that r is a local homeomorphism are investigated. In Katsura's 
setting, A is taken to be counting measures on the fibers of r. As we shall see 
in our study, the places where r is a local homeomorphism are closely related to 



(1.1) 




a ■ C(a) := a{s{a))^{a) 



and 



^ • a{a) := ^{a)a{r{a)), 
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notion of "regular vertices" in the setting of graph C*-algebras. The second paper 
that has some overlap with our study is the preprint of Brenken [J] . He considers 
quivers {E'^ , ,r, s, X) where the edge set E^ is a closed subset of E^ x The 
maps r and s are the projections of this set into E'^ . He considers a number of very 
interesting examples, but from the point of view of general theory, his study has 
little in common with ours. 

This paper is organized as follows. After some preliminaries in 50 we continue 
in fj^lwith a formal definition of a topological quiver as well as a description of the 
associated C* -correspondence and C*-algebra. In show how one can add tails 

to topological quivers in order to deal with sinks, and we state a Gauge-Invariant 
Uniqueness Theorem. In Sj^we give conditions for the C* -algebra of a topological 
quiver to be unital, and we describe how to form its minimal unitization when 
it is not. In ^ we give an analogue of Condition (L) used for graphs, and we 
prove a Cuntz-Krieger Uniqueness Theorem for C*-algebras of topological quivers. 
In f|7| we describe "relative quiver C* -algebras" (in analogy with relative Cuntz- 
Pimsner algebras) and we use these objects in fJHl together with the Gauge- Invariant 
Uniqueness Theorem, to give a complete description of the structure of a quiver 
algebra's gauge-invariant ideals. In ^Hl we give sufficient conditions for all ideals 
in the C*-algebra of a topological quiver to be gauge-invariant, and we develop an 
analogue of Condition (K) used for graphs. We conclude in ijlOl bv giving necessary 
and sufficient conditions for an arbitrary quiver C*-algebra to be simple. 

Acknowledgments: The authors would like to thank Takeshi Katsura for many 
useful conversations regarding the work in this paper. 

Notation and Conventions: If S* is a subset of a topological space we write S for 
its closure and Int 5* for its interior. If / is a continuous function we write osupp / := 
{x : f{x) 7^ 0} for the open support of /, and we write supp/ := {x : f{x) ^ 0} 
for the closed support of /. Also, all locally compact Hausdorff spaces we consider 
will be second countable. Hence they will be metrizable and normal, and we will 
make frequent use of Urysohn's Lemma and the Tietzc Extension Theorem. If V 
is a normed space with norm || • ||, we write y" " for the completion of V with 
respect to the norm || • ||. In general, when M is a subobject of N, we write q^^ for 
the quotient map of N into N/M. We shall also adopt the standard notation for 
Hilbert C* -modules used by Lance in pTH] . 

2. Preliminaries 

Definition 2.1. If A is a C*-algebra, then a right Hilbert A-module is a Banach 
space X together with a right action of A on AT and an A- valued inner product 
{■,-)a satisfying 

(i) {^,T]a)A = {£.,v}Aa 

(ii) {^,rj)A = {ri,0*A 

(iii) {tOA>0s.ndU\\ = {^,OT 

for all ^, 7y e AT and a G A. For a Hilbert A-module X we let C{X) denote the C*- 
algebra of adjointable operators on X, and we let IC{X) denote the closed two-sided 
ideal of compact operators given by 

IC{X) := span{e^^ : ^, e AT} 
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where is defined by Qf^iC) ■= ^{vX)a- When no confusion arises we shall 
often omit the superscript and write 6^,r; in place of 0^^- 

Definition 2.2. If A is a C* -algebra, then a C* -correspondence is a right Hilbert 
A-module X together with a *-homomorphism <j) : A ^ 'C(X). We consider (p as 
giving a left action of A on X by setting a ■ x := <f>{a)x. 

Definition 2.3. If X is a C* -correspondence over A, then a Toeplitz representation 
of X into a C* -algebra B is a pair tt) consisting of a linear map ip : X ^ B and 
a *-homomorphism tt : A B satisfying 

(i) m*i^{v) = H{^,v)A) 

(ii) = 

(iii) = mAa) 
for all £,,r] G X and a G A. 

Note that Condition (iii) follows from Condition (i) due to the equation 

If {iP^tt) is a Toeplitz representation of X into a C*-algebra S, we let C*{tp,TT) 
denote the C*-algebra generated by ij{X) U n{A). 

A Toeplitz representation (-0, tt) is said to be injective if tt is injective. Note that 
in this case "0 will be isometric since 

wmr = 11^(0*^(011 - hmoA)\\ - \moA\\ - iieip. 

When (0, tt) is a Toeplitz representation of X into S(7i) for a Hilbert space 7i, we 
say that {iP,tt) is a Toeplitz representation of X on Ti.. 

Definition 2.4. For a Toeplitz representation {ip, tt) of a C* -correspondence X on 
S there exists a >i=-homomorphism ttI^^^ : IC{X) B with the property that 

7T^'H&i,v) = mm* ■ 

See mi p. 202], ^ Lemma 2.2], and [201 Remark 1.7] for details on the exis- 
tence of this *-homomorphism. Also note that if (V'jTr) is an injective Toeplitz 
representation, then tt^^^ will be injective as well |20[ Proposition 1.6(2)]. 

Definition 2.5. For an ideal / in a C* -algebra A we define 

:= {ae A: ab^O for all b e 1} 

and we refer to I-^ as the annihilator of I in A. If X is a C*-correspondence over 
A, we define an ideal J{X) of A by 

J{X) -.^ <p-\K{X)). 

We also define an ideal Jx of A by 

Jx J{X) n (kcr0)-L. 

Note that Jx — J{^) when is injective, and that Jx is the maximal ideal on 
which the restriction of (j) is an injection into K,{X). 

If ('0, tt) is a Toeplitz representation of X in a C*-algebra i?, then the following are 
some elementary properties of tt'^-'^^ that we shall use: 

(1) 7r(i)(r)0(O = 0(rO for aU T G JC{X) and ^ G X. 

(2) 7r(i)(0(a))0(C) = 7r(a)0(O for all a G J(X) and ^ G X. 
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(3) 7r(i)(<?!)(a))7r(6) = tt^^) ((/)(a5)) and 7r(6)7r(i) (0(a)) = 7r(i)(0(6a)) for all a e 
J{X) and b£A. 

(4) If jO : i? ^ C is a homomorphism of C*-algebras, then {p o ijj ^ p o t:) is a 
Toeplitz representation and {po tt)'^' — po n^^\ 

Definition 2.6. If X is a C* -correspondence over A and if is an ideal in J{X), then 
we say that a Toeplitz representation ("iAjTr) is coisometric on K if 

7r(i)(0(a)) = 7r(a) for all a G if. 

We say that a Toeplitz representation (i/'x, ti'a) which is coisometric on K is univer- 
sal if whenever (0), tt) is a Toeplitz representation of X into a C*-algebra B which 
is coisometric if, then there exists a ^-homomorphism P[,p..K) '■ C* {ipx ,t^a) — > B 
with the property that 'ip = Pd^.-n) ° V'x and tt = P(^,tt) ° t^a- 

Definition 2.7. If X is a C* -correspondence over A and K is an ideal in J{X), 
then the relative Cuntz-Pimsner algebra determined by K, which we shall denote 
©(if, X), is the C*-algebra C* {ij} x , a) where (V'XiTTa) is a universal Toeplitz 
representation of X which is coisometric on if. The existence of ©(if, X) is proven 
in |19l Proposition 1.3]. 

Remark 2.8. If 0{K,X) is a relative Cuntz-Pimsner algebra associated to a C*- 
correspondence X, and if (V',7r) is a universal Toeplitz representation of X which 
is coisometric on if, then for any z e T we have that {zi/j, tt) is also a universal 
Toeplitz representation which is coisometric on if. Hence by the universal property, 
there exists a homomorphism 7^ : 0{K,X) — > 0{K,X) such that 72(7r(a)) = 7r(a) 
for all a g A and 72 ("0(0) = ^i^iO for all ^ £ X. Since 7^-1 is an inverse for 
this homomorphism, we see that 72 is an automorphism. Thus we have an action 
7 : T ^ Aut 0{K, X) with the property that 7^(71(0)) = 7r(a) and izii^iO) = ^(0- 
Furthermore, a routine e/3 argument shows that 7 is strongly continuous. We call 
7 the gauge action on 0{K,X). 

Lemma 2.9. Let X be a C* -correspondence, let if be an ideal in Jx and let {ip,'!^) 
be a universal Toeplitz representation which is coisometric on if. IfbG J{X) and 
n{b) = 7r(i'(0(6)), then be K. 

Proof. Throughout this proof we will use the notation established in |39l §2]. Let 
denote the left action of A on X, and let T{X) := X'^'' denote the Pock 

space of X. Also let (T, 0oo) denote the universal Toeplitz representation of X in 
CiJ'iX)) given by 

0oo(a) :=diag(a,0(a),0(2)(a),...) and T(0 := 

where is the "creation operator" on T{X). If Pq denotes projection in C{J^{X)) 
that maps J^{X) onto the first summand of J-{X), then [SHI Lemma 2.17] shows 
that 

a e J{X) if and only if 0W(0(a)) = 0oo(a) - Fo0oo(a). 
Since ('0,7r) is a Toeplitz representation of X into C*{ip,T:) there exists a homo- 
morphism -0 Xq TT : Tx — > C*('0,7r) with 

(0 X vr) o T = -0 and (V' x tt) o 00^ = tt. 
But then tt'^-'^^ = (?/; Xq tt) o 0^-' and consequently 

(0 Xo 7r)(Fo0oo(6)) = (0 Xo ^)(0oo(6) - 01^^0(6))) 
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= 7r(6)-7r(i)(0(6)) 

(2.1) =0. 

The kernel of "0 Xo tt is equal to the ideal in Tx generated by {0oo(a) — (f)"^ {<j){a)) : 
a & K} = {Po4>oo{a) ■■ a e A'} (see the proof of ^ Proposition 1.3]). Thus (j?!T|) 
implies that Po4)oo{i>) is the limit of sums of elements of the form 

(2.2) . . . T^^(i)oo{a)T*^ ■ ■ ■ T*^ for ^i, . . . ...,r]meX and a e K. 

But since 

^6 



and 



Po(f'oc{a) = diag(a,0,0, 



the only way this can occur is if ri = m = and there are no T^'s and no T^'s 
in the term shown in H2.2|l . Thus Po4>oo{b) is equal to Po0oo(a) for some a G K. 
Since Po4>oo{a) = diag(a, 0, 0, . . .) and Po(f>oo{b) = diag(6, 0, 0, . . .) this imphes that 
b = aeK. □ 



Lemma 2.10. Let X he aC* -correspondence, and let (-0, tt) he an injective Toeplitz 
representation of X . If a <E A and 7r(a) G imTr'^^ then a G J{X) and 7r(a) ~ 
^(i)(0(a)). 

Proof. Since 7r(a) G iniTr'-'^-' we know that n{a) = tt'^^^T) for some T G /C(X). But 
then for every ^ X we have 

V'(TO = 7r(i)(r)0(O = ^(«)V'(e) = V'(0(a)C). 

Because (?/;, tt) is injective, it follows that is isometric and thus = 0(a)^ for 
ah ^ G X. Hence 0(a) = T G /C(X) and 7r(a) = 7r(i)(T) = 7r(i)(0(a)). □ 

Lemma 2.11. Let X he a C* -correspondence, and let (ipyTr) be an injective Toeplitz 
representation of X . If a,b € Jx and tt*^"'^) (0(a)) = tt^"*^^ (0(6)), then a = b. 

Proof. Since n is injective, it follows from |20| Proposition 1.6(2)] that n^-^'' is injec- 
tive. Thus 0(a) = 0(&) and a — b£ ker0, and since a — be Jx and Jxnker0 = {0}, 
it follows that a = b. □ 



Definition 2.12. If X is a C*-correspondence, then we define the Cuntz-Pimsner 
algebra of X to be Ox '■= 0{Jx,X); that is. Ox is equal to the C*-algebra 
C* {ipx ,t^a) where {4'x,'^a) is a universal Toeplitz representation of X which is 
coisometric on Jx. 

Remark 2.13. The C*-algebra Ox is unique up to isomorphism. Furthermore, if 
X is a C* -correspondence in which is injective, then Ox '■= 0{Jx,X) is equal to 
the augmented C*-algebra of X defined by Pimsner in ^1 Remark 1.2(3)]. If X 
is also full; i.e. span{(^, 77)^1 : ?/ G X} — A, then the augmented C*-algebra of X 
and the C* -algebra of X defined by Pimsner in |44l Definition 1.1] coincide. Thus 
Ox is equal to the C*-algebra studied by Pimsner in 1^ when is injective and 
X is full. 
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Remark 2.14. Pimsner originally defined the C*-algebra Ox under the hypothesis 
that the left action <j) is injective. In this case Ox — 0{J(X), X) (since J{X) = Jx 
when ker(/) = {0}). In subsequent work by other authors, it was proposed that 
the algebra 0{J{X), X) should serve as the analogue of the Cuntz-Pimsner algebra 
in the case when (p is not injective. However, this definition has been found to 
be deficient, and in the recent work of Katsura [211 EDI 1^ it has been shown 
that 0{Jx,X) is a more appropriate analogue in the general setting. We refer 
the reader to the work of Katsura as well as the introduction of [IT] for a more 
detailed explanation of why 0{Jx,X) is the appropriate definition for the general 
Cuntz-Pimsner algebra. 

2.1. Graph C*-algebras. 

Definition 2.15. li E = {E'^ , ,r, s) is a directed graph consisting of a countable 
set of vertices a countable set of edges E^, and maps r, s : E^ E'^ identifying 
the range and source of each edge, then the graph algebra C* [E] is defined to be the 
universal C*-algebra generated by mutually orthogonal projections {p^ : v G E'^} 
and partial isometrics {se : e G E^} with mutually orthogonal ranges that satisfy 

(1) s*Se = Pr{e) for all e E E^ 

(2) ]5„ = ^ Sesl for aU w e £0 with < |s-i(w)| < oo 

{eeE^:s{e)=v} 

(3) SeS* < Ps(e) for all e € i?^ 

Definition 2.16 (The Graph C*-correspondence). li E = {E'^ , E^ ,r, s) is a graph, 
we define A -.^ Cq{E'^) and 

X{E) — {x-.E^^C : the function ^ is in Co{E°) }. 

Then X{E) is a C*-correspondence over A with the operations 
{x-a){f) -.^ x{f)a{r{f)) for f e E' 
{x,y)A{v):= <f)y(/) for / e 

{fGE^:r(f)=v} 

(a-x)(/) := a(s(/))x(/) for f e E' 

and we call X{E) the graph C* -correspondence associated to E. Note that we could 
write X{E) = 0^g£;o i'^{r~^{v)) where this denotes the Co direct sum (sometimes 
called the restricted sum) of the ^^(r~^(w))'s. Also note that X{E) and A are 
spanned by the point masses {Sf : f E E^} and {5y : v £ E'^}, respectively. 

Remark 2.17. U E ^ {E^ , E^ ,r, s) is a graph and X{E) is the associated graph 
C*-correspondence, then it is a fact that C*{E) = Ox(e) ■= 0{Jx{e), X{E)). 
It was proven in |18[ Proposition 12] that if E has no sinks, then C*{E) = 
0{J{X{E)),X{E)), and a very similar proof can be used to show that in gen- 
eral C*{E) = 0{Jx{E),X{E)). (We mention that E has no sinks if and only if the 
left action of X{E) is injective.) 

3. Topological Quivers 

Definition 3.1. A topological quiver is a quintuple Q — {E'^ , E^ ,r, s, X) consisting 
of a second countable locally compact Hausdorff space (whose elements are 
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called vertices), a second countable locally compact Hausdorff space (whose 
elements are called edges), a continuous open map r : —> E^, a continuous map 
s : E^ ^ E^ , and a family of Radon measures A — {A„}^,g£;o on E^ satisfying the 
following two conditions: 

(1) suppA„ — r^^(t;) for all v £ E° 

(2) V ^ /^i ({a)dX^{a) is an element of Cc{E°) for all ^ e Cc{E^). 

The term topological quiver was used in 40, Example 5.4] where it was explained 
that the nomenclature "quiver" was chosen because of the relation of the notion to 
ring theory where finite directed graphs are called quivers. 

It is important the reader realize that in the literature pertaining to graph C*- 
algebras and their generalizations, various authors will interchange the roles of the 
maps r and s in their definitions. Our choice in Definition l3.1l agrees with that used 
in most papers on graph C*-algebras (cf. _35„|j^|S10]). However, our choice differs 
from that used in the higher rank graph algebras of Kumjian and Pask |H2I IMj and 
from that used in the topological graph algebras of Katsura |2H1 ■ It is also different 
from the choice used in the original definition of a topological quiver given in j4()l 
Example 5.4]. 

We mention that if one is given E'^, E^, r, and s as described in Definition 13. II 
then it follows from jGj Lemma 3.3] that there always exists a family of Radon 
measures A = {\v}vi^E° satisfying Conditions (1) and (2) (this existence relies on 
the fact that E^ is second countable). However, in general this choice of A is not 
unique. We also point out that given any family A — {Xv^veE" it is possible to 
replace it by a family A' — {A^lug^o such that each A^ is a probability measure 
and for each v £ E^ the measures A„ and A^ are mutually absolutely continuous. 
However, in practice one does not always want to do this. In particular, when 
r~^{v) is discrete one often chooses A^ to be counting measure. 

3.1. The C*-correspondence associated to a topological quiver. A topolog- 
ical quiver Q = {E'^ , E^ ,r, s, X) gives rise to a C* -correspondence in the following 
manner: We let A Cq{E^) and define an A- valued inner product on Cc{E^) by 

{^,v)Aiv):= [ eR77(a)rfA„(a) for v € E° and ^,r^ € C^iE^). 

We shall let X denote the closure of Cc{E^) in the norm arising from this inner 
product. We define a right action of A on X by setting 

C • /(a) := ^(a)/(r(a)) for a e E\ ^ e C,{E^), and / e Co{E°) 
and extending to all of X. We also define a left action (p : A ^ 'C(X) by setting 

Hmic^) ■■= f{s{ama) for a e E\ ^ e Cc{E^), and / e Co(£;") 
and extending to all of X. With this inner product and these actions X is a C*- 
correspondence over A, and we refer to X as the C* -correspondence associated to 
Q. 

Remark 3.2 (The Continuous Field of Hilbert Spaces). If Q = {E° ,E'^ ,r,s,X) is 
a topological quiver, then the C* -correspondence associated to Q naturally gives 
rise to a continuous field of Hilbert spaces over and the C* -correspondence 
associated to Q is the continuous sections of this field that vanish at infinity. Let 
us describe this in more detail. For each u e we define H{v) := L^(r"^(w), A„). 
We also define a family of sections; i.e., a subset of H^g£;o7J(u), by A := {xj : ^ G 



10 



PAUL S. MUHLY AND MARK TOMFORDE 



Cc{E^)} where x^{v) :— C|r-i(i>)- Since Xy is a Radon measure, the compactly sup- 
ported continuous functions are dense in L'^{r^^ (v), Xy). Therefore A satisfies (i), 
(ii), and (iii) of 13, Definition 10.1.2] and by 13, Proposition 10.2.3] we may con- 
clude that there exists a unique subset F ofHy^^oH^v) that contains A and satisfies 
axioms (i) to (iv) of ^1 Definition 10.1.2]. Consequently, H := ({i?(w)}^g£;o, F) 
is a continuous field of Hilbert spaces. Furthermore, we see that X, the C*- 
correspondence associated to Q, may be identified with Co{E'^,'H) :~ {x E T : 
V 1-^ is in C(){E'^)}, the continuous sections of H that vanish at infinity. 

In addition, let K. :— {{K{v)}y^EO , ©) be the continuous field of elementary C*- 
algebras associated to TC as defined in '13' 10.7.2] — we mention, in particular, that 
K{v) := IC{L^{r^^{v), Xy)) and that for a;,y € F we define Qx,y € ^yeE'>K{f^) by 
&x,yiv) ■= (^x(v),y{v): and then O is obtained by applying '13', Proposition 10.2.3] 
to the linear span of {&x,y '■ x,y E F}. Since X is identified with Co(-E°,7i) it 
follows from the proof of [451 Proposition CI] that IC{X) may be identified with 
Cq{E°,IC) ■={x eQ -.v^ ||x(u)|| is in Co{E°)}, and any T e JC{X) is identified 
with the element f £ Ca{E°,K) defined by {T{v)^\r-^y),'n\r-i(y)) ^ {T£_,'n)A{v) 
for aU ve E" and ^, ?] e Cc{E^). 

Remark 3.3. We shall often use the following notation when dealing with elements 
of Co{E'^, Ti). If a; G Co{E^ ,Ti) , then for v G E'^ the section x will assign a function 
x{v) € H{v) = L"^ {r~^ (v) , Xy) to v. If a € r~^{v), then the value of this function 
at a will be denoted by x{v; a). Hence x{v) = x{v; •) £ i^(r^^(u), Xy). 

Remark 3.4. Katsura has shown in [281 §1] that when r is a local homeomorphism 
the C* -correspondence X may be identified with 

Cd{E') := G Cb{E') : ((^, e Co(-B°)}. 

However, as we see from Remark 13.21 X will in general be more complicated than 
this. 

Remark 3.5. If Q is a topological quiver and X is the C* -correspondence associated 
to Q, then X is (left) essential; that is, (j){A)X = X. This is because if {e\}\(zA 
is an approximate unit for A, then lim^ (t>{e\)^ — S, for all ^ G Cc{E^), and since 
Cc{E^) is dense in X it follows that X is essential. 

We now wish to describe the elements in J{X) :— (f)"^ {IC{X)), which we shall 
ultimately accomplish in Corollary 13.121 Before that, however, we shall need a 
number of lemmas. 

Throughout the following let Q — (£'", £'^, r, s. A) be a topological quiver and 
let X denote the C* -correspondence associated to Q. 

Lemma 3.6. Let Q = (E^ , E^ ,r, s, X) be a topological quiver and let X denote the 
C* -correspondence associated to Q. Let Ti ({iJ(u)}„g£;o, F) be the continuous 
field of Hilbert spaces defined by Q and identify X with Cq{E^ ^Ti) as described in 
Remark \'i.2l Then there exists a * -homomorphism a : Cb{E^) 'C(X) defined by 

{a{(p)x){v; a) :^ ip{a)x{v; a) 

for if e Cb{E^), X e Co{E",n), v e E", and a G r-'^{v). 

Proof. The only nontrivial part is to show that if ip E Cb{E^) and x G Co(i?°,7i), 
then a{(p)x is a continuous section of Ti.. Since A is dense in F it suffices to prove 
this when x is of the form x^ for ^ G Cc{E^). But a{(p)x^ = x^^, so a{ip)x^ is 
clearly a continuous section for all ^ G Cc{E^). □ 
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Lemma 3.7. If >fi e Cb{E^) and ai^ip) e K.{X), then ip e Cq{E^). 

Proof. We shall prove the contrapositive. Let if e Cb{E^) and suppose that if> ^ 
Co{E^). Then there exists e > such that C := {a £ E^ : \f{a)\ > e} is not 
compact. Given any ^i, . . . , 771, . . . , 77„ e Cc{E^) we shall show that 

n 

llfTM-^e^,.,,!! >e/2. 

k=l 

Since C is not compact there exists ao £ C such that qq ^ suppT^fc for all k = 
1, ... ,71. Since Ufc=iSupp7?fc is closed and {a £ E^ : \(p{a)\ > e/2} is open there 
exists a neighborhood Uq of ao with C/g C {a G -E^ : Ifia)] > e/2}\ Ufc=i suppyy^. 
By Urysohn's Lemma there exists ( S Cc{Uo) with < C !i 1 and C(Q!o) = 1- Now 
for all fc e {1, . . . , ?i} and all a £ we have 

(0«.,..C)(«) = (a(^fe,C>A)(a) / ^C(/3)dA.(/3) =0 

so that O^^.^^C 0- Furthermore, for all a E E^ we have |iy9(a)C(Q!)| > e/2 |C(Q!)|- 
Thus 

n 

||(aM-^e^„„jCIU-||aMCIU 

fc=l 



= sup (cr((y5)C,cr(^)C)y^(w) 




IICIU 

and consequently ||cr(iy9) — X]fe=i ®5fc,';fc II — ^Z^- Since Cc(-E"'^) is dense in X it 
follows that IC{X) is equal to the closed linear span of {O^,,, : ^,77 G Cc{E^)}, and 
therefore a^ip) ^ IC{X). □ 

Lemma 3.8. Let Q = (£''', E^, r, s. A) 6e a topological quiver, let X denote the C* - 
correspondence associated to Q, and let a : Cb{E^) —> C{X) be the *-homomorphism 
defined in Lemma \3.b\ If Lp £ Cb{E^) with f > and a{ip) G K{X), then for any 
a G osupp(p there exists a neighborhood V of a such that V H r^^{r{a)) — {a}. 

Proof. Given a G osuppi^a let v :— r{a). Also let (Ty{ip) denote the operator on 
A„) given by 

:= v{P)m for e e L\r-\v), A„) and /3 G r^^v). 

Now cry{ip) is clearly a positive normal operator, and by the second paragraph 
of Remark 13.21 we see that av{(p) G IC{L^{r~^{v), Xy)). If A{av{(p)) denotes the 
spectrum of a„((/5), then by the Spectral Theorem for compact normal operators, we 
have that A(ct„ (</?)) consists of a countable set of values Ai > A2 > . . . > which is 
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either discrete or has as its only Umit point. Furthermore, since supp Xy = r ^ {v) 
and ip is continuous, it foUows that A{ay{ip)) — ip{r^^{v)). Thus 

im((^|osupp¥)nr-i(i,)) = {Ai, A2, . . ■}\{0} 

is discrete, and for each ^ the set Vi :— {(3 e r^^{v) : Lp{(3) = Xi} is a 
clopen subset of r~^{v) and osupp{(p|r-i(i,)) = Ui^i- 1^ the projection onto 
the eigenspace corresponding to Xi, then the Spectral Theorem implies that Pi has 
finite rank and 

dimL^{Vi,Xy\v,) ^dimPi{L^{r-'^{v),Xy)) < 00. 

But this implies that A^|y. is atomic with finitely many atoms. Furthermore, since 
supp = r~^{v) the set Vi must be the union of these atoms and consequently Vi 
contains a finite number of elements. Thus each Vi is discrete and osupp f = [J^Vi 
is discrete in r^^(u). □ 

Lemma 3.9. Let Q = (i?*^, E^, r, s. A) be a topological quiver, let X denote the C* - 
correspondence associated to Q, and let a : Cb{E^) —>■ C{X) be the *-homomorphism 
defined in Lemma \S.f\ If G Cb{E^) and a{ip) G IC{X), then for any a G osupp </? 
there exists a neighborhood U of a such that r\u : U — *■ r{U) is a homeomorphism. 

Proof. We first claim that without loss of generality we may assume that > 0. 
This is because if a{{p) e JC{X), then cr(|(y3p) = a{ip)a[ip*) e K,{X) and osupp |</Jp = 
osupp So we may replace f by \p\'^ ■ 

Furthermore, we may assume that (j{^p) is in Kpod(A^(-'f )), the Pedersen ideal of 
JC{X) (see 021 Theorem 5.6.1]). This is because if it were not, then we could choose 
g S Cc((0,oo)) with g{Lp{a)) ^ 0, and then a{g o ip) ~ g{a{ip)) e Kpcd{lC{X)) and 
a G osupp ( (7 o ip), so we could replace cp hy g o ip. 

Now let k = ip{a)/2 > and set W := (^-^((fc, 00)). Then W is a neighborhood 
of a, and by Lemma 13.81 we may choose another neighborhood of a such that 
Fnr~^(r(ck)) — {a}. By the local compactness of E^ we may choose a precompact 
neighborhood U' of a with U' C W D V . By Urysohn's Lemma there exists a 
function ^ G Cc{E^) with < ^ < fc and such that ^|jj7 = k and = 0. We 

furthermore see that S, < tp. 

Since X = Co(i?",/C) is a continuous-trace C*-algebra Proposition 10.3.2], 
it follows that the continuous-trace ideal m{JC{X)) is dense in JC{X) 4.5.2]. 
Because the Pedersen ideal is minimal among dense ideals j431 Theorem 5.6.1] it 
follows that Kpcd(/C(X)) C m(/C(X)), and hence a{ip) G m{IC{X)). Since a{ip) G 
m{IC{X)) we see that ^{(p) is a continuous-trace element ^3 4.5.2] and since ct(^) < 
a{(p) it follows from [131 4.4.2(i)] that ct(^) is a continuous-trace element. 

For each v G E'^ we let ay{£,) denote the element of JC{L'^{r^^{v), X^)) given by 
:= ^{P)vif3) for v e L^{r-^{v), X^) and /3 G r-^v). Since cr(0 is a 
continuous-trace element of IC{X) = Cq{E^ ,1C), it follows that v ^ tr{av{£)) is 
a continuous function on E'^ . Furthermore, since u^iC) is multiplication by ^ it 
may be viewed as a diagonal operator with diagonal entries {^(/3) : r{[3) = u}, 
and consequently tr((Tt,(^)) = X]/3Gr-i(ii) ^(/^)- ^0 := ria), then since 

vq G U' QV we see that tr(cri,„(f)) = = fc. By the continuity of u i-^ tr((Ti,(^)) 
we may choose a neighborhood F of wq such that tr(tT^(^)) < 3fc/2 for all v gY . 
Define U :— U' D r^^{Y). Since = k we see that in order for tr{av{0) — 
E/3er-i(t)) ^(f^) t° ^'^ ^'^^^ than 3fc/2 we must have \r~^{v) C] U\ < I. Thus r\u is 
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injective. Since r\u : U ^ ^{U) is a continuous open map that is injective, it is a 
homeomorphism. □ 

Lemma 3.10. If (p E Co{E^), then for every e > there exists ^ G Cc{E^) such 
that \\ip — ^11 < e and osupp^ C osuppt^. 

Proof Given e > let K := {a e : \(p{a)\ > e} and U :^ {a e E^ : \ip{a)\ > 
e/2}. Choose a continuous function r/ : E^ ^ [0, 1] with yyj^ = 1 and ri\Ei\u = 0. If 
we let ^ = r]Lp, then supp^ is contained in the compact set {a G E'^ : |</3(a)| > e/2} 
so f e Cc{E^). Furthermore, \\(p — ^|| < e and osupp^ C C osuppi^s. □ 

Theorem 3.11. Let Q — r, s, A) be a topological quiver and let X denote 

the C* -correspondence associated to Q. If (p G Cb{E^), then (j{(p) G if and 

only if the following two conditions are satisfied: 

(1) ipeCoiE^) 

(2) for every a G osupp (p there exists a neighborhood U of a such that the 
restriction r\u : U — > r(U) is a homeomorphism. 

Proof. If a{Lp) G IC{X), then we see that (1) holds by Lemma lTTI and that (2) holds 
by Lemma 

Conversely, suppose that (1) and (2) hold. Let e > 0. Then by Lemma 13.101 
there exists ^ G Cc{E^) such that Hv? — Cll < ^ a-nd osupp ^ C osupp If we let 
K := supp^, then K is a. compact subset of E^ contained in osupp (yS. Thus for 
every a G K there exists a neighborhood Ua of a for which r|[/^ : Ua r{Ua) is 
a homeomorphism. Using the compactness of K we may choose a finite number of 
edges an € K such that K C IJ"^;^ Ua. Since E^ is locally compact there 

exists a partition of unity on K subordinate to {Uai}2=i consisting of compactly 
supported functions {CiliLi! particular this means that < < 1 for all i G 
{1, . . . ,n} and X]"=i di^^) = 1 for all a G K. Now for each j G {1, . . . , n} we define 

Furthermore, for each i choose a function Ki G Cc{E^) such that < < 1 and 
'^ilsuppCi = 1- Since the map w i— > /^-i^^-, dXv{P) is in Cc(-E°), and since r is 
continuous, it follows that the map a i— > /r-i(r(Q)) '^iiP) '^^r{a){P) is a continuous 
real- valued function on E^ . Because supp is compact we know that this function 
attains a minimum on suppf^. In addition, since r\u^, is a homeomorphism we see 
that for every a G supp^^ we have that j^_-i^^^^^-^^Ki{(3) d\r[a) = \(a)^\sA) and 
since supp At, = r~^[v) it follows that Ar(Q)({a}) ^ 0. Thus {Aj.(q,) ({a}) : a G 
supp^i} is bounded below by a nonzero constant. Consequently, the function 

" ^ I^-TTTY = Cy'(a)(A.(„)({a}))-i 

is a continuous function on E^ . Furthermore, since the denominator in the above 
quotient is bounded below by a nonzero constant, if we define 77^ : i?^ ^ C by 
rii(a) := Cl^^ {a)iXr(a)i{cx}))~^ , then we have that rji G Cc{E^) and supp?7i — 
suppCi C C/q,. 

For each i, we may use the fact that r\ij^ is a homeomorphism, the fact that 
supp^i C Ua-, and the fact that suppjy^ C J/q; to conclude that 



6(a) / Vt{P)'&il3)dXr(a)i0) ^ Ciia)ri^{a)i!){a)Xri^a)i{a}) 

'i(Ka)) 
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= 6(a)Cy'(a)i?(a) 

for all a £ and d G Cc{E^). Using this equation we see that for any i9 e Cc{E^) 
we have 

n n 

n „ 

= E^^(")/ ^t?(/3)dA,(„)(/?) 

n n 
i=l 1=1 

Because the sections {a;^ : e Cc(i?^)} are dense in X this implies that (t(^) = 
Er=i ©C.^K e /C(X). But then 

||aM-a(0|| =||a(^-e)ll < 11^-^11 <e 
and consequently cr((p) G JC{X). □ 

Corollary 3.12. Let Q = i?'^, r, s, A) &e a topological quiver and let X denote 
the C* -correspondence associated to Q. If f E Cq{E^), then (f>{f) G IC{X) if and 
only if the following two conditions are satisfied: 

(1) foseCoiE^) 

(2) for every a G osupp(/ o s) there exists a neighborhood U of a such that the 
restriction r|[/ : [/ — > r(U) is a homeomorphism. 

Proof. This follows from the fact that / G Co implies / o s G Cb{E^) and the 
fact that 0(/) = ct(/o s). □ 

Remark 3.13. If we consider the map a : Cb{E^) — > C{X) defined in Lemma 13.61 
then Theorem 13 . Ill can be used to show that (7~^{IC{X)) — Co{U) where U is the 
largest open subset of E^ with the property that r\ij is a local homeomorphism and 
s\u is a proper map. 

3.2. Special Sets of Vertices. Since A Co(-E°) is a commutative C*-algebra, 
it follows that the ideals of A correspond to open subsets of in the following 
way: Whenever / is an ideal in Co(i?°) we define a closed set C := {v G E'^ : f{v) — 
for all f E 1} and an open set U := i?°\C, and then 

I = {feCo{E"):f\c^O}^Co{U). 

Using this fact, we define the following subsets of £'". 

Definition 3.14. Let Q = {E^, E^, r, s, A) be a topological quiver and let X be the 
C* -correspondence over A := Co{E°) associated to Q. 

(1) We define E^-^^^^ to be the open subset oi E° for which ^^^O) = Co{E^i,,i,^) , 
and we call the elements of E^^^^.^ the sinks of Q. 

(2) We define E^^ to be the open subset of E° for which (f)-^{JC{X)) = Cq{E°J, 
and we call the elements of E^^ the finite emitters of Q. Vertices which are 
not finite emitters shall be known as infinite emitters. 

(3) We define the regular vertices of Q to be the elements of the open set 
i?°gg := ^'fin\^sinks- Vertices which are not regular vertices shall be known 
as singular vertices. 
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Note that ker0 = Cq{E^.^^^^), J{X) = Cq{E°J, and Jx = Co{E°^g). We also have 
the following characterizations of these sets. 

Proposition 3.15. If Q — E^, r, s, A) is a topological quiver, then the following 
equalities hold: 

(1) ^^Lks = ^^°\^ 

(2) E^^ ~ {v E'^ : there exists a precompact neighborhood V of v such that 
s~^{V) is compact and r\s-i(^v) "is a local homeomorphism} 

(3) fi'reg = {w G E'^ : there exists a precompact neighborhood V of v such that 
s^^{V) is compact and f|s-i(y) "is a local homeomorphism } n Ints(-E-'^), 
where Int s(E^) denotes the interior of s(E^). 

Proof To see (1), let C := {v e E^ : f{v) = for aU / e (p^^{0)}. It then suffices 
to show that C = s{E'^). If v e s{E^) then there exists a sequence of edges {q!„}^i 
such that lim„^oo s{an) = v. By Urysohn's Lemma, for each n S N there exists a 
function ^„ G Cc{E^) such that ^n(an) 7^ 0. But then for any / e '/>^^(0) we have 
that = and hence /(s(Q;„))^„(a„) = 4>{f)in{ctn) = 0. Since 

this implies that /(s(a„)) = for all n € N. Taking limits as n goes to infinity 
gives that f{v) = 0, and since / was an arbitrary element of 0~^(O) this shows that 

^; e C and C C. 

Conversely, suppose v ^ s{E^). Then there exists a neighborhood U of v such 
that U n s{E^) = 0. Using Urysohn's Lemma there exists a continuous compactly 
supported function f : E^ ^ C with f{v) = 1 and supp/ C U. But then supp/ fl 
s{E'^) = and /(s(a)) = for aU a e E'^. Consequently, for any ^ £ Cc(£;i) we 
have 

0(/)^(a) = f{s{a))^{a) = for aU a e E^ 
so that 4i{f)£, = 0. Since ^ was an arbitrary function in Cc{E^) this implies that 
(t){f ) = 0, and since f{v) ^ we have that v ^C. Thus C C '^(W). 

To see the equality stated in (2) let U denote the right hand side of the equality 
and let C -.^ {v e E° : f{v) = for all / £ (j)-^ {JC{X))} . It then suffices to show 
that U = E^\C. Let v E U. Then there exists a precompact neighborhood V 
of V such that s^^(V) is compact and ?'|s-i(v') is a local homeomorphism. Using 
Urysohn's Lemma choose / G Co(£'°) with f{v) = 1 and supp f QV . Then supp(/o 
s) C s~^(y) is compact and we see that Conditions (1) and (2) of Corollarv l3.12l 
are satisfied so that 4>{f) G JC{X). Since f{v) 7^ this implies that v ^ C and 
consequently U C E°\C. 

To see the converse, suppose that V e E"\C. Then there exists / £ ?!)"^(/C(X)) 
such that /(u) ^ 0. Let e \fiv)\/2 and y := {w e : |/(w)| > e}. Then 

is a neighborhood of v which is precompact since / S Co{E'^) and y = {it; e 
E^ : 1/(10)1 > e}. Furthermore, since </)(/) G /C(^) it follows from Condition (1) of 
CoroUarv im that fos e Co{E^), and consequently s-i(y) C {a e E^ : \ fos\ > e} 
is compact. Furthermore, since s~^{V) C osupp(/ os) it follows from Condition (2) 
of Corollarv l3 . 1 21 that r\s-nv) is a local homeomorphism. Thus v € U and E'^\C C 
U. 

The equality stated in (3) follows from the equalities in (1) and (2). □ 

Remark 3.16. The terminology of Definition 13 . 141 is meant to generalize the various 
types of vertices found in directed graphs. Note that when Q is a directed graph 
(i.e., when E'^ and E^ have the discrete topology) the sinks of Q are the vertices 
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that emit no edges, the finite emitters of Q are the vertices that emit a finite 
number of edges, and the regular vertices of Q are the vertices that emit a finite 
and nonzero number of edges. These particular classes of vertices play an important 
role in the analysis of graph C* -algebras (cf. |51 146L Bl and as we shall see, 
their generaliztions play an equally important role in the analysis of C* -algebras 
associated to topological quivers. 

3.3. The C*-algebra associated to a topological quiver. 

Definition 3.17 (The C* -algebra associated to a Topological Quiver). Suppose that 
Q = {E^,E^,r, s, A) is a topological quiver, and let X denote the C* -correspondence 
over A := Co{E^) determined by Q. We let (V'Qi ""c) denote a universal Toeplitz 
representation of X which is coisometric on Co(£'°cg). We also define C*(Q), the 
C* -algebra associated to Q, to be the relative Cuntz-Pimsner algebra C*{ipQ, ttq) = 
OiCo{E^J,X). 

Remark 3.18. We see from Definition mi that Jx = Co(£^,°og) so that C*{Q) is 
equal to Ox ■= 0{Jx,X). Furthermore, if Q has no sinks, then kert/) = {0} and 
C*{Q) = 0{CoiE^J,X) = 0{J{X),X) is equal to the augmented C*-algebra of 
X as defined by Pimsner in iA, Remark 1.2(3)]. 

Example 3.19 (Graph C*-algebras). Let E :— {E'-\ E^ ,r, s) be a directed graph, 
and let C*{E) be the graph algebra defined in EHl El EHl i] • We endow E° 
and E^ with the discrete topologies so that r and s are continuous open maps. 
Also, we define A = {A^}„g£;o where each Xy is counting measure on r^^(v). 
Then Q {E'^ , E^ ,r, s, X) is a topological quiver and the C* -correspondence X 
associated to Q is equal to the graph C* -correspondence X{E) defined in |20l 
Example 1.2]. It was shown in 18, Proposition 12] that when E has no sinks 
C*{E) ^ 0{J{X{E)),X{E)), and as described in ^2 §3] this same analysis can be 
used to show that in general C*{E) ^ 0[Co{E^^^), X{E)). Thus C*(Q) ^ C*[E), 
and all graph algebras arise as quiver algebras. 

Example 3.20 (C*-algebras of Topological Graphs). Let E {E^ ,E^ ,r,d) be a 
topological graph as defined by Katsura in |2H1 (so, in particular, E^ and E^ are 
topological spaces, r : E^^ ^ E^ is a. continuous map, and d : E^ ^ E'^ \s a, local 
homeomorphism). Then for every v we see that d^^{v) is a discrete space and we 
may define A = {A^}i,g^o where each A^ is counting measure on d^^{v). After 
interchanging the roles of r and d, we see that Q :— (i?°, E^ , d, r, A) is a topological 
quiver, and it follows from 28, Definition 2.9] and 28, Definition 2.10] that C*{Q) 
is isomorphic to the topological graph algebra 0{E). Thus all topological graph 
algebras arc quiver algebras. 

Example 3.21 (C*-algebras of Branched Coverings). The notion of a branched cov- 
ering derives from the theory of Riemann surfaces. A general topological definition 
that goes well beyond the Riemann surface situation was formulated by Fox [2] as 
follows. Given two second countable locally compact Hausdorff spaces X and X', 
and a continuous surjection cr : X — > X' , one says that cr is a branched covering of 
X' with branching sets S C X and S' C X' when the following conditions hold: 

(1) S and S' are closed with dense complements U and U' , respectively, 

(2) the components of the preimages under a of open sets of X' are a basis for 
the topology of AT — so that, in particular, a is an open map. 
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(3) <7{S) = S', a{U) = U', and 

(4) (T I (7 is a local homeoniorphism. 

Fox assumed that U and U' are connected and that S and 5" have co-dimension 2. 
However, these conditions are superfluous for our purposes. 

Examples of branched coverings include the tent map on the unit interval (pro- 
vided the range of the map is [0, 1]), orbifold projections, branched coverings from 
one and several complex variables, and numerous other examples. 

Since a branched covering a is an open map, there is a cr-system {Xx}xeX'- 
When S and S' are discrete, then each Ax must be atomic. However, in order to 
be continuous, the atoms may not all have the same weight. In particular, they 
may not all be point masses. This is the case for rational maps of the sphere and 
Kajiwara and Watatani '^7 have made explicit calculations of {Xx}xex' in this 
setting. 

If one restricts to the case when X = X', and if one forms the topological quiver 
Q = E^,r, s. A), where X = E'^ = , s = id, r = a , and A is a cr-system, one 
recaptures the initial setting of jj^l- However, the authors quickly restricted to the 
case when E^ = U and r, s, and A are restricted to U. That is, the C*-algebras 
of |12j are the quiver algebras for quivers obtained from branched coverings after 
excising the branch points. The algebras studied by Kajiwara and Watatani are 
formed from branched coverings without excising the branch points. 

Example 3.22 (C*-algebras associated with Topological Relations). Let X be a 
topological space, and let a be a closed subset oi X x X. Also let tti : X x X ^ 
X and 7r2 : X x X ^ X he projection onto the first and second components, 
respectively. Let M{X)+ denote the positive regular Borel measures on X, and let 
fi : X ^ M{X)^ be a positive u'*-continuous homomorphism with the property 
that supp/ij, = 7^2^ {x) for all x £ X. In [Jj Brenken described how to associate a 
C*-algebra C* {a) to a closed relation a and associated map ii. 

Given such an a and we may define a quiver Q := (i?", -E^, r, s. A) by setting 
:= X, E^ := a, r := ttiIq, s := 7r2|ct, and A„ := ^(w). One can then see from the 
definition of C*{a) in §2] that C*{a) is isomorphic to C*{Q). Hence C*-algebras 
associated with topological relations arise as quiver algebras. 

Example 3.23. If i? = (i?*^, E^,r, s) is a directed graph, and X is a locally compact 
HausdorfF space, then we may form a topological quiver E x X in the following 
manner. We first define 

{E X Xf := E" X X and {E x Xf = E^ x X 

with the product topologies. Next we define f, s : {Ex XY (E x X)" by 

f(e, x) = (r(e), x) and s{e,x) — is{e),x). 

Finally, for any (v, x) E {E x X)'^ we define X(^y,x) to be counting measure on the 
countable set f~^{v,x). One can easily verify that E x X is a topological quiver. 
In fact, f is a local homeomorphism so that E x X is a topological graph in the 
sense of Katsura EHj. 

Remark 3.24. li E x X is a topological quiver as defined in Example 13.231 then 
one can easily show that {E x X)'^^^ — E^^^ x X. Furthermore, one can prove that 
C*{ExX) = C*{E)iSiCo{X) as follows: Let {se,Pv} be a generating Cuntz-Krieger 
family for C*{G). Then any element of Cc{{E x XY) is of the form ©eeF'Ce, where 
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is a finite subset of and each e Cc(i?^). If we define i/' : Cc{{E x XY) 
C* {E)®Co{X) by V'(ffieeF^e) = Ylet^F Se^Ce, then we see that ^/j is a linear map of 

norm 1. Since X — Cc((E x " it follows that -0 may be extended to a linear 

map Tp : X ^ C*{E) ® Cq{E). Likewise, since any element of Cc{{E x has the 
form (Bvesfv where 5 is a finite subset of E'^ and each /„ € Cc{E^), we may define a 
homomorphism TT : Cc{{ExXf) C*{E)®Co{X) by 7r(®„es/u) = Y.vesP^®f^^ 
and because Cc{{E x X)") is dense in Co{{E x X)*^) we may extend this to a 
homomorphism tt : Cq{{E x ^ C*(ii^°) (g) Co{X). One can then verify that 

{tp, tt) is a Toeplitz representation which is coisometric on Co((ExX)'^^^), and hence 
induces a homomorphism P(^.7r) : C'*(Q) — > C*{E) (g) Co(X). This homomorphism 
is clearly surjective since {se,Pv\ generates C*{E), and it is injective due to the 
Gauge-Invariant Uniqueness Theorem (see Theorem 14 .71 or |41[ Theorem 5.3]). 

4. Adding Tails to Topological Quivers 

If is a graph and vq is a vertex of E, then by adding a tail to vq we mean 
attaching a graph of the form 

ei 62 63 64 

UO > Vl >. 1)2 >■ 1^3 )■ ■ • • 



to E. It was shown in [S] §1] that if F is the graph formed by adding a tail to every 
sink of E^ then F is a graph with no sinks and C*{E) is canonically isomorphic 
to a full corner of G*{F). The technique of adding tails to sinks is a simple but 
powerful tool in the analysis of graph algebras. In the proofs of many results it 
allows one to reduce to the case in which the graph has no sinks and thereby avoid 
certain complications and technicalities. 

In this section we describe a process of "adding tails to sinks" for topological 
quivers and show that if Q' is formed by adding tails to the sinks of Q, then C* (Q) 
is canonically isomorphic to a full corner of C*(Q'). As with graph algebras, this 
process will simplify many of our proofs by allowing us to reduce to the "sinkless" 
case. Adding tails to topological quivers is a fairly straightforward generalization 
of what occurs in the graph setting, and consequently if the reader keeps the graph 
situation in mind throughout this section, it will provide substantial motivation for 
the constructions we introduce. 

Definition 4.1. Let Q = (i?*^, i?^, r, s, A) be a topological quiver. By adding tails to 
the sinks of Q we mean forming a topological quiver Q' = F^ ,r' , s' , X') in the 
following manner: Let Vq :— E^^^^^.^ C E^ and define Vi — Vq tor i — 1,2, . . .. We 
then set 

CO C30 

F^ := U IJ V^ F^ ■.^E^u\_\ Vi 

i=l i=l 

and define r',s' :F^ ^ F° by 

, , r{a) eE" if a e , [s(a) e E" if a e E^ 

r (a) :— < . s [aj — 



V eVi if a = V eVi ' ' \v e Vi_i if a = V eVi 



and define a family of measures A' = {A^j^g^o by A^ = A„ if v e E^ and A^ equals 
counting measure on the singleton {v} whenever w € K: for some i £ {1, 2, . . .}. 

Remark 4.2. Let X be the C* -correspondence over A := Co{E^) associated to Q 
and let (j)A ■— denote the left action. We define T :— Co{Vi) to be the Cq 
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direct sum of the Co(Vi)'s, and we denote a typical element of T as / = (/i, /2, . . .) 
where each fi e Co(Vi)- If Q' formed by adding tails to the sinks of Q, and Y 
denotes the Hilbert C* -correspondence over B Co(F°) associated to Q' , then 
we see that Y admits the following description: 

Y = X®T and B = A®T 

with right action 

(C, (/i,/2,-.-)) • (a, (ffi,ff2, • ■ •)) = (C-a, {fi9i, 12,92, ■■■)), 
inner product 

{{S., {fl,f2, ■ ■ ■)), iV, {91,92, ■ ■ ■)))b = {{i, V)a, {fl9l,f292, ■ ■ ■)), 

and left action 

0B(a, (51,52, • • ■)){£,, {91,92, ■••)) = (0A(a)^, (051, /i52, /253, • ■ ■)■ 

Since ker0 = C'o(-E'sinks) ^^^^ above shows that Y is the C* -correspondence formed 
by adding the tail determined by ker0 to the C* -correspondence X as defined in 
|41[ Definition 4.1]. Thus we have the following interpretation of ^Tl Theorem 3.1] 
in the context of topological quivers: 

Theorem 4.3 ( 41, Theorem 3.1]). Let Q — {E'^ , ,r, s, \) be a topological quiver 
and let Q' = {F''\ , r' , s' , \' ) he the topological quiver formed by adding tails to 
the sinks of Q. Let X be the C* -correspondence over A — Cq{E'^) associated to A, 
and let Y — X (B T be the C* - correspondence over B — A® T associated to Q! as 
described in Remark \4.S\ 

(a) // {ijj,'^) is a Toeplitz representation of X on a Hilbert space T-Lq which is 
coisometric on Co(-E'rog), then there is a Hilbert space Tig/ = Hq © T-Lt 
and a Toeplitz representation [tp, n) of Y on TLq' which is coisometric on 
C'o(-F'reg) o-iT-d with the property that %Ij\x = ip and tt^ = tt. 

(b) If{ip,TT) is a Toeplitz representation ofY in a C* -algebra C which is coiso- 
metric on Co{F^i^g), then {ip\x ,Ti'\A) is a Toeplitz representation of X in C 
which is coisometric on Cq{E^^^. Furthermore, if tt\a is injective, then tt 
is injective. 

(c) Let {^pQ' , ttq') be a universal Toeplitz representation ofY in C* {Q') which is 
coisometric on Cq{F^^^). Then (■(/', tt) = {^Q'\x ,'^Q'\a) is a Toeplitz repre- 
sentation of X in C*(Q') which is coisometric on Cq{E^^,^. Furthermore, 
the induced homomorphism p^^.-n) '■ C* {Q) C*{Q') is an isomorphism 
onto the C* -suhalgebra of C*{Q') generated by {ipQ'{i,0),TTQi{a,0) : ^ £ 
X and a £ A\, and this C* -suhalgebra is equal to the full corner deter- 
mined by the projection p — lim^ ttq/ (e^, 0) G M{C* {Q')), where {e^jAeA 
is an approximate unit for A. 

Corollary 4.4. IfQ— {E^, E^,r, s, A) is a topological quiver and Q' — {F^, F'^^r' , s' , 
is the topological quiver formed by adding tails to the sinks of Q, then C*{Q) is 
canonically isomorphic to a full corner of C*{Q'). 

Corollary 4.5. Let Q — {E'^ , E^,r, s, X) be a topological quiver and let X be the C* - 

correspondence associated to Q. If {'>Pq,i^q) is a universal Toeplitz representation 
of X in C* {Q) which is coisometric on Cq{E^^^, then {iPq,ttq) is injective. 
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Proof. By Theoreni l4.l-if c^ we may identify (C* (Q), ipQ, ttq) with {S, ijjQi |x, ti'Q' U), 
where S is the subalgebra of C*{Q') generated by {i/'q' 0), ttq' (a, 0) : ^ e X, a G 
A}. Since Q' has no sinks, it foUows that 0b is injective and hence ,19 , CoroUary 6.2] 
imphes that ttq' is injective. Consequently 7rg/|^ — ttq is injective. □ 

Corollary 4.6. Let Q = {E''\E^ ,r, s,X) be a topological quiver and let X he the 
C* -correspondence associated to Q. If V is an open subset of E^^^ and (ipjir) is 
a universal Toeplitz representation of X in 0{Co{V), X) which is coisometric on 
Cq(V), then (V', tt) is injective. 

Proof. Let (V-'Qi'^'s) be a universal Toeplitz representation of X in C*{Q) which 
is coisometric on Co{E^^g). Since HjqtTTq) is coisometric on Co{V) it induces a 
homomorphism P{iPq,ttq) '■ 0{Co{V), X) C*{Q) with P(iPq,-kq) o tt = ttq. Because 
TTQ is injective by Corollarv l4.5l it follows that tt is injective. □ 

4.1. A Gauge-Invariant Uniqueness Theorem for C*-algebras associated 
to Topological Quivers. In |41[ Theorem 5.3] the technique of adding tails to 
C* -correspondences was used to prove a gauge-invariant uniqueness theorem for 
C*-algebras associated to C* -correspondences. We shall conclude this section by 
rephrasing this theorem in the context of topological quivers. 

Let Q = {E°, E^,r, s, A) be a topological quiver and let X be the C* -correspondence 
over A := Co{E°) associated to Q. If (V'CjI'q) is a Toeplitz representation of 
X which is coisometric on Co(£^reg), then for any z e T we see that {z^q,ttq) 
is a Toeplitz representation which is coisometric on Co(-E'reg). By the universal 
property of C*{Q) we obtain a homomorphism 7^ : C*{Q) — > C*{Q) such that 
Izi'tpQi^)) = ziPq{x) for all X e X and 7z(7i'Q(a)) — t^q{o-) for all a G A. Further- 
more, since 7^-1 is an inverse for 7^, we see that is an isomorphism. Thus we 
have an action 7 : T — > Aut(C*(Q)), and a routine e/3 argument shows that 7 is 
strongly continuous. We call 7 the gauge action on C*{Q). 

Because T is compact, averaging over 7 with respect to normalized Haar measure 
gives an expectation E of C*{Q) onto the fixed point algebra C*{Q)'' by 

E{x) := I jz{x)dz for x G C*{Q). 
Jt 

The map E is positive, has norm 1, and is faithful in the sense that E{a*a) = 
implies a ~ 0. 

Theorem 4.7 (|4IJ Theorem 5.3]). Let Q — {E^ , E^ ,r, s, X) be a topological quiver 
and let X be the C* -correspondence over A := Cq{E'^) associated to Q. If {^q,ttq) 
is a universal Toeplitz representation of X into C*{Q) which is coisometric on 
Co(i?rog); '^'^'^ */ P ■ C^* (Q) —> C is a * -homomorphism between C* -algebras which 
satisfies 

(1) the restriction of p to 'Kq{A) is injective 

(2) there exists a strongly continuous gauge action /3 : T — > Aut(imp) such that 
(iz° P = P°lz 

then p is injective. 

5. Unitizations of C*-algebras associated to Topological Quivers 

Recall that a unitization of a C*-algebra A is a unital C*-algebra B together with 
an injective homomorphism i : A ^ B such that i{A) is an essential ideal of B ^3 
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Definition 2.38]. If A is a nonunital C*-algebra, then tlic minimal unitization is 
the C*-algebra equal to A(BC with componentwise addition and with multiplication 
and involution given by 

(a, A)(6, /i) = (afe + A6 + /ifl, A/i) and (a, A)* = (a*, A). 

(Strictly speaking the minimal unitization is the pair {A^,i) where i : A ^ A^ hy 
i{a) — (a,0), however, we typically identify A with A ® and just refer to A^ as 
the minimal unitization.) 

If T is a locally compact Hausdorff space, and TU {oo} is the one-point compact- 
ification of T, then Co{Tf ^ C{T U {oo}). If we identify Co{Tf with Co(T) ® C 
as described in the previous paragraph, then the map / i-^ (/,/(cxi)), where 
f{x) := f{x) — /(oo), is an isomorphism from C(T U {oo}) onto Cq{T) © C. 

Theorem 5.1. If Q — {E'^ , ,r, s, X) is a topological quiver, then C*{Q) is unital 
if and only if E'^ is compact. 

Proof. Let X be the C* -correspondence associated to Q, and let (V'Qj'^'q) be a 
universal Toeplitz representation oi X which is coisometric on Co(-Ercg)- If {fa}aef^ 
is an approximate unit for Co{E'^), then since X is essential (see Remark l3.5|l it 
follows that {vrg(/„)}QgA is an approximate unit for C*{Q). Now C*{Q) is unital 
if and only if liniQ TTQ{fa) converges to an element in C*{Q). Since ttq is injective 
by Corollarv l4.5l this limit exists if and only if lime fa converges to an element of 
Co(i?°). But this happens if and only if Cq{E^) is unital, which occurs if and only 
if E^ is compact. □ 

Definition 5.2. Let Q = {E'^ , E^ ,r, s, X) be a topological quiver, and suppose that 
E'^ is not compact. If E'^ U {oo} denotes the one-point compactification of then 
we define a topological quiver — (F°, F^, n, si, A^), where F° := E° U {oo} is 
the one-point compactification of E^, :— E^, the maps ri, si : — > U {oo} 
are defined to be the maps r and s composed with the inclusion oi E^ into £''^U{oo}; 
that is ri(e) := r{e) G E°U{oo} and si(e) :— s(e) € i?°U{oo}, and A"^ is the family 
of measures defined by 

^i.^fA, iiveE" 
" 1 if w = oo. 

Note that C*{Q^) is unital by Theorem 15. II Also note that if r is a local homeo- 
morphism, then ri will be a local homeomorphism. Thus if Q is a topological graph 
in the sense of ,28;,, then will also be a topological graph. 

Proposition 5.3. If Q — {E'^ , E^ ,r, s, X) is a topological quiver and is the 
topological quiver defined in DeRnition \5.'3. then 

E° ^F'^ 

rcg leg 

That is, if we view as a subset of E'^ U {oo}, then the regular vertices of Q are 
equal to the regular vertices of . 

Proof. Recall that the regular vertices of a topological quiver are characterized 
by Proposition Since s-'^{V) = s^\V) and r-^{V) = r];'^{V) for all V C 
F*'\{oo}, Proposition 13.151 shows that it suffices to prove that {oo} is not a regular 
vertex of Q^. 

Suppose that oo is not a sink of Q^. Then there exists a sequence of edges 
{ctk}kLi with limfcSi(afc) = oo. Suppose that there exists a neighborhood V C 
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U {00} with Si ^{V) compact. Then eventuaUy the a^'s would be in ^{V) 
and by compactness there would exist a G s^^(y) with the property that a is a 
limit point of the set {ak}'k=i- But then si(a) = limfeSi(afc) = 00, which is a 
contradiction since s^^(cxd) ~ 0. Thus if 00 is not a sink, there does not exist 
a neighborhood C U {00} with Si^{V) compact. Consequently 00 is not a 
regular vertex of Q^. □ 

Proposition 5.4. If Q = {E^ , ,r, s, X) is a topological quiver, and is the 
topological quiver described in Definition \5.'A then 

C*{Q^)^C*{Q)\ 

That is, C*{Q}') is isomorphic to the minimal unitization of C*{Q). 

Proof. Let A := Cq{E^) and Co(-B° U 00) = Cn{E^) ® C. Let (•, ■)a be the 

A- valued inner product on Cc{E^) given by 

and let || • \\a ■= be the associated norm on Cc{E^). We see that 

Cc{F^) ~ Cc{E^) and if we define an yl^-valued inner product on Cc{E^) by 
{^i''1)a^ ■— ((^;'7)a,0) £ Co(i?°) C, then the corresponding norm || • ||^i := 
ll(') has the property that || • ||^i = || • ||^. Thus we may define X 

Cc{E^) = Cc{E^) . When we view X as a C* -correspondence over A as 
described in H3.ll we shall use the notation Xa, and when we view X as a C*- 
correspondence over A^ as described in H3.ll we shall use the notation Xa^- We 
see that the following relations hold: 

^(/,A)-^/ + Ac 

(e, v)a^ = ((e, v)a, 0) for (/, A) e A ® C and V e X. 

Furthermore, Xa is the C* -correspondence associated to Q, and X^i is the C*- 
correspondence associated to Q^. 

Let (f/'Qi ■"'c) be the universal Toeplitz representation of Xa into C*{Q) which 
is coisometric on Co(£'^'eg). We shall define V^q : X ^ C*(Q) © C by 

^aiO (^Q(e),0) 

C*(Q)eC by 

^s(/,A) := (7rQ(/),A). 

It is easy to verify that (V'q, ttq) is a Toeplitz representation of Xa^ into C* (Q)® C. 
To see that (V'q, ttq) is coisometric on Co(i^°cg)' let (/, A) G Co{F^^^) C = A©C. 
Then since Proposition 15.31 shows us that the regular vertices of are equal to 
the regular vertices of Q, we must have that A = and / € Co(£^reg)- 

We shall let ipA denote the left action of A on X, and we shall let denote 
the left action of A^ on X. Since (/,0) e Co{F°^g) C (f>'^l{IC{XAi)) we have that 

(j)A^ (/, 0) = lim J2k ^fk'^i^k ■ Thus for any ( £ X we have 

iMfKO) = 0Ai(/,o)(C) = limj^ej-^jc) - lim^aK,C)Ai 

k k 



and we define ttq : A^ 
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= lim^(6(^^fe,C)A,0) = (lim5]ef^;,JC),0) 

k k 

which imphes that 



</.A(/) = hm^e 



Xa 
4fc jj'fc ■ 



Since / G Co{E^ ) we have that 7i'Q''(?!'yi(/)) = 7rg(/), and it follows that 



4 (<^Ai(/,0)) = 4^)(lim^eJf^J = lim^^Q(a)^QK)* 

k k 

= lim^(V's(a),0)(V^QK),0)* = (lim^^Q(efc)VcK)*,0) 

k k 

= (^L'^(0A(/)),O) = (7rQ(/),O) 

so that {iPq,t''q) is coisometric on Co(i^rcg)- 

Let (^'Qij^'Qi) be a universal Toeplitz representation of Xy^i in C*{Q^) which 
is coisometric on Co{F^^g). It follows that {'ipQ^^Q) induces a homomorphism 
:C*(Qi)^C*(Q)®Cwith 

Furthermore, if we let /3 : T ^ AutC*(Q) be the canonical action of T on 
C*{Q), then we see that we may define an action f3 : T Aut(C*(Q) ® C) by 
/3^(/, A) = A). If 7 : T ^ AutC*(Qi) is the canonical gauge action of T 

on C*(Qi), then it follows that o -fz = o P(0a,#a) for all z G T (simply 

check on generators to verify this). Because P(0g is faithful on imTTgi , it follows 
from the Gauge-Invariant Uniqueness Theorem (see Theorem 14. 7|l that is 
injective. In addition C*{iPq,ttq) — C*{Q) ® C, so p^^^ is surjective and an 
isomorphism. □ 



It is well known that the minimal unitization of a graph C*-algebra is not neces- 
sarily a graph C*-algebra. However, as the following example shows, we can always 
realize the minimal unitization of a graph C* -algebra as a quiver C*-algebra (in 
fact, as the C* -algebra of a topological graph). 

Example 5.5. Suppose that E = [E^ ,E^ ,r, s) is a directed graph and the graph 
algebra C*{E) is nonunital. Then it must be the case that is countably infinite. 
We may view i? as a quiver Q — {E'^, E^,r, s, A) by endowing E^ and E'^ with the 
discrete topologies and defining Xy to be counting measure on r^^{v). If is the 
topological quiver formed from Q as described in Definition l5.2l then it follows from 
Proposition 15.41 that C*{Q^) is isomorphic to the minimal unitization of C*{E). 
We mention that since r is a local homeoniorphism, the map ri : E^ ^ E'^ U {oo} 
will also be a local homeomorphism and consequently is a topological graph. 
Furthermore, the one-point compactification U {oo} is isomorphic to NU oo, the 
one-point compactification of N. 
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6. A Cuntz-Krieger Uniqueness Theorem for C* -algebras associated 

TO Topological Quivers 

Our goal in this section is to prove an analogue of the Cuntz-Krieger Uniqueness 
Theorem ^BJ Theorem 1.5] for quiver algebras. 

Definition 6.1. Let Q := {E^ , ,r, s, X) be a topological quiver. A path in Q is 
a finite sequence of edges a :— ai . . . Un with r{ai) = s(ai+i) for 1 < i < n. We 
say that such a path has length \a\ := n, and we let i?" denote the paths of length 
n. We may extend the maps r and s to maps r" : E" — > and s" : E^ , 

respectively, by setting r"(a) = r(a„) and = s{ai). When no confusion 

arises we shall omit the superscript, writing simply r and s for r" and s". 

In addition, we endow i?" with the topology it inherits as a subspace of the 
cartesian product E^ x . . . x E^. Since s is continuous, and r is continuous and 
open, we see that for any n G iV the map s" is continuous and r" is continuous and 
open. 

We define a Radon measure A" on E" inductively in the following manner: For 
n = 2 we define by 



£2 J El Je^ 

Since suppAm = r^^{w) for all w £ E'^ we see that suppA^ = (r^)^^(w). 

Lemma 6.2. //^ e Cc{E'^), then v /^^2)-i(^,) '?(aia2)c?A^(aia2) is in Cc{E^). 

Proof. It follows from the Stone- Weierstrass Theorem that the set of all sums 
of functions of the form r(aia2) = g{,Oii)h{a2) for g,h G Cc(E^) is dense in 
Cc{E'^). Thus it suffices to prove that v i-^ J(^^2)-i gicti)h{a2) dXl{aia2) is in 
Cc{E°). To do this, define G{v) :— ^(a) dAt,(a). Then since s is contin- 

uous, the function (3 i-^ G(s(/3)) is in Cb{E^). Consequently f3 i-^ G{s{(3))h{j3) 
is in Cc{E^) and since G{s{(3))h{f3) = J^i g{a)h{(3) dXs(i3){a) we see that v 
^1 Jei g{a)h{l3)dXs(ii){a)dX^{l3) is in Cc{E''). □ 

Continuing inductively, we may define a Radon measure A" on i?" by setting 
^(ai . . . a„) dA"(ai . . . «„) 

i{ai . . . an) dXs[ )(ai)dA" ^(a2...Q;„). 



Furthermore, suppA" — (r")^^(w), and just as in Lemma 16.21 we can show that if 
C e Cc(i;"), then 

I ^(ai . . .a„)dA"(ai . . . a„) 

J(r")-i(f) 

is in Cc (£;"). 

This fact implies that if Q := E^, r, s. A) is a topological quiver, then Q" := 
{E°,E^,r",s",X") is a topological quiver as well. We let X(Q") denote the C*- 
correspondence over A = Co(£'°) associated to Q". 

If Q '■= {E°,E^,r,s,X) is a topological quiver, and X — X{Q) is the C*- 
correspondence over A = Co{E°) associated to Q, then we view X'^" := X (^a 
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. . . X as a C* -correspondence in the natural way (see PHI §2-2]). The con- 
nection between the path spaces E" and the tensor powers X®" is given by the 
natural map of the algebraic tensor product Cc(£'^)®" into Cc{E") which takes an 
elementary tensor xi (g) • • • ig) a;„ to the function a i— > xi{ai) ■ ■ ■ Xn{an)- A calcula- 
tion using the inductive definition of A" shows that this map is isometric for the 
Co(i;°)-valued inner products on CdE^)'^" C and X(Q"). We shaU use this 
natural map to identify CdE^)'^" with subspaces of Cc{E"), X®", and X(Q"); 
an application of the Stone- Weierstrass theorem shows that the elementary ten- 
sors then span a dense subspace of Cc{E'^) (for the inductive limit topology) and 
X(Q"). This identification also preserves the left and right actions of Co{E'~'), and 
hence allows us to identify the correspondences X®" and X{Q"). 

Remark 6.3. If X is a C*-correspondence and {ip,Tr) is a Toeplitz representation of 
X in a C* -algebra B, then it was shown in Lemma 3.6] that for each n E N 
there is a linear map ip'^" : X®" B which satisfies 

Furthermore, {ip^",7T) is a Toeplitz representation of X®" in B and there exists a 
representation 7r(") : /C(X'»") B such that 

7T^"\Qx,y) = V^®"(x)V'®"(y)* for x,ye X«". 

In addition, if (^/j, tt) is Cuntz-Pimsner covariant, and if we let l*"' denote the identity 
operator on X®'^ and define 

C„ A ®A 1" + /C(X) ®A 1""' + /C(X®2) ^ _ ^ ^ /c(X®"), 

then the homomorphism K'f^''^ : C„ — > _B given by 

(g>A 1" + fci (g>A V'-' + ■■■ + fc„) 7r{ko) + ^(i)(fci) + • ■ ■7r("Hfc„) 

is faithful whenever tt is faithful 19, Proposition 4.6]. It is also a fact that if 
C := limC„ under the isometric homomorphisms c G Cn cSia 1 G C„+i, then the 
homomorphisms kJ^J'^ : Cn ^ B induce a map k^''^ : C B, and 19, Corollary 4.8] 
shows that k'^''^ is faithful when tt is. Furthermore, 19, Corollary 4.9] shows that if 
(f) is faithful and (V'x, ti'a) is a universal Toeplitz representation of X in Ox which 
is coisometric on Jx = J{X), then k^-x.^a . q — > Ox is a faithful map onto the 
fixed point algebra Ojr. 

Throughout the following lemmas let Q :— {E° , E^ ,r, s, X) be a topological 
quiver. Also let X be the C*-correspondence associated to Q, and for each ti G N 
view CciE") as a subset of X®". 

Lemma 6.4. Let (V',7r) be a Toeplitz representation of X. // ^ G Cc{E"), r/ G 
Cc{E"^), and m > n, then 

where C, G Cc{E"^^^) is given by 



J(r")-i(s(a)) 
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Proof. If ij = rji® T]2 where 771 e Cc{E^^) and 772 e Cc{E"^ "), then the function 
C G Cc{E™-^''^) defined above satisfies 

■/(r")-i(s(a)) 

and hence 

7/>®"(^)*V®"(77) = ?/>®"(0*V'®"(?7l)V'®^'"~"n?72) 

= 7r((e,ry))V«("-")(r;2) 

Since the hnear combinations of elements of the form 771 (g) 7^2 is dense in Cc{E™), 
the claim holds for all 77 e Cc(£;™). □ 

Definition 6.5. A path a := ai . . . Q!„ G E^ is returning if afc = a„ for some 
/cG {1,2,. ..,71— 1}. Otherwise a is said to be nonreturning. 

Definition 6.6. A nonempty subset U C is nonreturning if whenever a — 
ai . . . a„ e [/ and /3 = /3i e ?7 we have that q;„ 7^ /3fc for all /c G {1, . . . , 7i — 1}. 

Lemma 6.7. Let be a Toeplitz representation of X and let U C iJ™ be 

an open set that is nonreturning. If C ^ Cc{U) C and G X®" for some 

7^ G {1, . . . m - 1}, then 7/;®™(C)*'(/'®"(C)V'®'"(C) = 0. 

Proof. Since Cc{E") is dense in X^", it suffices to prove the claim when ^ G 
C'ciE''). By Lemma lOl we have that 7/>^'"(C)*7/'®"(OV'^"(C) = 7/>®"(7;) where 
77 G Cc{E"-) is defined by 

:= / CiPi . . . p.m)m . . . /3„)C(/3n+i • ■ • M dXTic.)iPi ■ ■ ■ Pm)- 

J(r™)-i(3(a)) 

But since U is nonreturning /3i . . . Pm G U implies /3„+i . . . /?m,a ^ t^- Thus rj ~ 
and the claim holds. □ 

Definition 6.8. A path a = ai . . . G i?" is said to be a Zoop if s(q:i) = ?■(«„), 
and we call s(ai) the 6ase point of the loop a. An esii for a loop a = ai . . . a„ is 
an edge P G E^ such that s(/3) = 3(0;^) for some /c G {1, . . . , n} and /3 7^ a^. 

Definition 6.9. The following condition generalizes Condition (L) defined for graphs 
in (which, in turn, is the analogue of Condition (I) for Cuntz-Krieger algebras). 

Condition (L): The set of base points of loops in Q with no exits has empty 
interior. 

Lemma 6.10. Let Q be a topological quiver with no sinks. Let V be an open 
subset of E^ with the property that there exists 77, G N such that whenever a is a 
path in Q with \a\ > n and s{a) G V , then a is returning. Then for every path 
/3 = /3i . . . /3„ G {s")~^{V) there exists k G {2, ...,??.} such that (3k ■ . . Pn is a loop 
with no exits. 
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Proof. Let f3i . . . /3n G (s")~^(T^). Since /3 is returning there exists fee {2, . . . ,n} 
such that /3/c-i = We shaU show that /3fe . . . /3„ is a loop with no exits. Suppose 
to the contrary that i5 is an exit for f3k ■ ■ ■ f3n- Then there exists I G {fc, . . . ,n} 
such that s{S) = s(/3/) and S Pi. Let w := s(<5) = s(/3/) and set m := min{j e 
{1, ...,/} : s{f3j) = v}. Then r(/3m-i) = v and /3j 7^ (5 for j < m — I. In addition, 
since f3k ■ ■ ■ Pn is a foop, we may find a subloop 7 = 71 ... 7^ with 71 = /3/ and 
s(7j) for j G {2, . . . Consequently ^ 6 for j e {!,..• Consider the 
path 

(3i . . .^m_i77. . .7(5 

where the 7's are repeated sufficiently many times that the path has length greater 
than n. Then this path has source s{Pi) G V and is nonreturning, which contradicts 
the hypothesis on V. Hence (3k ■ ■ ■ Pn has no exits. □ 

Lemma 6.11. Suppose that Q is a topological quiver with no sinks that satisfies 
Condition (L). IfV is an open subset of and n G N, then there exists a nonre- 
turning path a G {s"^)^^(V) for some m > n. 

Proof. Suppose to the contrary that whenever m >n, then every path in (s™)"^ (y) 
is returning. Then Lemma |6. 101 implies that every element in the nonempty open 
subset r™((s'")^^(y)) is the base point of a loop with no exits. But this contradicts 
the fact that Q satisfies Condition (L). □ 

Lemma 6.12. Let V be an open subset of E'^ and let a G {s")^^(V) for n > 1 be 
a path that is nonreturning. Then there exists a nonempty open set U C (s")^^(y) 
that is nonreturning and contains a. 

Proof. Since a := ai . . . q;„ is a nonreturning path we may choose open subsets 
Ui,U2,...,Un C E^ with Uk G Uk and Uk (1 Un ^ for all A: G {l,...,n- 1}. 
In addition, after possibly shrinking [/„ we may assume that J7„ C s^^{V). Then 
U -.^ {Ui X . . . X Un)n is nonreturning with U C (s")-i(l^). □ 

Lemma 6.13. If T e C{X®'"), then for all e > there exist £„t] £ X®"^ with 
llClli ll'7ll 5: 1 fl'^'^ such that 

.9:- {^,Tr,) 

is a positive function with \\g\\ > \\T\\ — e. Furthermore, if T is a positive operator 
we may choose S, ^ rj. 

Proof For any e > there exist C, v' € with , < 1 and such that 

h:= {e,T^') 

is a function with II /i 1 1 > ||T||— e. Lett/ := osupp /i, let V be a nonempty precompact 
neighborhood with V C_ {v e E^ : \h{v)\ > ||T|| — e}, and let K he a nonempty 

compact subset of V. Define a function c G Cb{V) by c{v) := jj^^ and extend c to 
a continuous function on with norm 1. Also let h : E^ ^ [0, 1] be a continuous 
function with 6|;f = 1 a,ndh\EO\v = 0. Set ^ :=^'-6candry := r/'. Then g := {^,Tr]) 
has the property that 

g = • 6c, Tr]') = , Tt]') ■ be = hbc = \h\b. 

Thus g > and since |ft.|& takes on values greater than ||T|| — e on if we see that 

ll5ll>l|r||-6. 
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Furthermore, if T is a positive operator, then ||r|| = sup{(^,r^) : ||^|| = 1} so 
we may choose ^' = 77' above. If we then let Vbc, the above shows that 

g := (^, T£) has the desired properties. □ 

The proof of the following proposition is based on |2H1 Proposition 5.10] where 
the result was proven in the case that r is a local homeomorphism. The proof 
of PH Proposition 5.10] involves four cases (more specifically, two cases each of 
which has two subcases), however, because of our technique of adding tails to sinks 
and Theorem 14.31 we will only need the result for topological quivers which do not 
contain sinks. Consequently, we will only need to consider one of these four cases 
and this will simplify the proof substantially. 

Proposition 6.14. Let Q := [E^ , X) be a topological quiver with no sinks 

that satisfies Condition (L), and let X be the C* -correspondence over A — Cq{E^) 
associated to Q. Also let (tp,'^) be a Toeplitz representation of X in a C* -algebra B 
with the property that n is injective. If G X**"' and rji g X**™' for I = 1, 2, ... L, 
and we set x = E^i V-®"' (?7/)* and xo = E„,=™, V'^"' (6)'/'^'"' 
then for any e > there exists a,b ^ B and f G Co(-E°) such that ||a||, ||6|| < 1, 
11/11 = ll^^oll; o,nd ||a*a;6 — 7r(/)|| < e. Furthermore, if x is positive we may choose 
a = b. 

Proof. Let e > and set n = max{ni, ...,71^, mi, . . . }■ By [ini Proposition 4.6] 

the map kJJ-'^ : C„ B is injective, and since xq = E„,=m, "0®"' (6)^*^"' (^/)* € 
im K^^''^ there exists T e ^ C{X®-^) with nt-'' {T) = xq and ||r|| = ||a;o||. By 
LemmaEISIthere exists ^,7; e X®" with ||^||, ||7?|| < 1 and such that g := (^,^77) G 
Co(i?°) is a positive function with \\g\\ > ||a;o|| — e. Since g is continuous there 
exists a nonempty open subset V Q E'^ with \g{v)\ > \\xo\\ — e for all v £V. When 
n; > TO/ we have 

for some i^j G X**"' where n[ := ni — mi. Similarly, when n; < to/ we have 

for some 77^ G X**™' where toJ :— mi — ni. Thus we have 

(6.1) ^^-{0*x^^-{v)=n{g)+ E ^"""'W)*- 

ni>mi ni<mi 

By Lemma lfi. 1 ll there exists a nonreturning path a G i?'" with m > n and s{a) G V. 
Hence by Lemma f6 . 1 21 there exists a nonempty open set U C {s"^)~^{V) which is 
nonreturning. Choose a nonzero compactly supported function G Cc{E"^) with 
< C' < 1 and suppC' C U. Since the function v ^ \C' Wl^ dX^" (P) 

is continuous and compactly supported, there exists a vertex vq G E^ at which it 
attains its maximum. Let k := |C'(/3)prfA™ (/?) and set ( ^T^C- If we 

let /':=(C,5C), then 

ll/'ll - sup / C(/3)5(s(/3))C(/3) dA™(/?) 

veE° J(r"')-i(t)) 

>(||xo||-e) sup / |C(/3)|' dA™(/3) 
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and 



(ll^^ol 

(ll^ol 
ll^oll 



ej — sup 



l/'ll 



sup 

veE" J(r'")-1(D) 



< llfll sup 



1 



|C(/3)P dA™(/3) 



sup 



|C'(/3)pdA™(/3) 



< Ikoll +e- 

These two inequalities show that |||/'|| - ||a;o||| < e. If we let a V^"(OV'^'"(C) 



and h := V®"(^)V'®'"(C), then ||a||, 



< 1 and 



by Lemma lO and Ea.lO If we let / := jp\f', then ||/|| = ||xo|| and 



\a*xb - 7r(/)|| = M,f - f)\\ < II/' - /II = /' - ^/' 



1 - 



l/'l 



ll/'ll-ll^ol 



< e 



and the claim holds. 

Furthermore, if x is positive, then T :— (Kj^'")^^(a;o) is positive and by Lemma [6.13l 
we may choose ^ = ?/. But then we will have that a = b. □ 

Lemma 6.15. Let Q := [E^ , ,r, s,X) be a topological quiver with no sinks that 
satisfies Condition (L), let X be the C* -correspondence over A — Co{E'^) associated 
to Q, and let [iPqjT^q) be a universal Toeplitz representation of X into C*(Q) which 
is coisometric on Cq{E'^^^ — Co(i?§n). If p '■ C* {Q) C is a * -homomorphism 
from C* {Q) into a C* -algebra C with the property that the restriction /9|^g(^) is 
injective, then p is injective. 

Proof. Let 7 denote the gauge action on C*(Q) and let E denote the conditional 
expectation obtained by averaging 7 over T with respect to Haar measure; that is, 

E{x) := / Jz{x) dz. 
Jf 

We shall show that the following two statements hold: 

(a.) p is faithful on the fixed point algebra C*{Q)'^ 
(b.) \\p{E{x))\\ < \\p{x)\\ foralla;eC*(S). 
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To see (a) let ip := p o ipQ and tt := p o ttq. Then we see that k^'^ = P{,p,-7r) ° 
t^i'Q-.^Q = po k'/'S'^s and since k^-'' is faithful by [H Corollary 4.8], it follows that 
p is faithful on iniK'^e-'^e = 0\ = C*{Q)^, so (a) holds. 

To see (b) note that since 

C*(Q) = span{^|"(0V'Q"('7)* : ^ e X^", G and m > 0} 

it suffices to prove (b) when x has the form x = Y.i=i i^T' (6)^-1"" M* ■ Keeping 
the notation {ip,n) = {p o tpQ, p o ttq), we see that if y := "0®"' (Ci)V''^'"K'70* 

and yo := E„,=m, V"®"' (^iV"®"" (??0*: then by Proposition EH for all e > there 
exists a,b e C and / € Co{E") such that ||a||,||6|| < 1, ||/|| = ||yo||, and \\a*yb- 
7rif)\\ < e. Then 

\\p{Eixm = \\p{ i^Ti^^)^T'M*)\\ = Wy^w = ii/ii = iik^s(/))I1 = 

ni — mi 

< \\a*yb\\ + Mf) - a*yb\\ < \\a\\ \\y\\ \\b\\ + e < \\y\\ + e = ||p(x)|| + e. 

Since this inequality holds for all e > we have that < ||/9(a;)||, so (b) 

holds. 

Finally, given (a) and (b) we see that whenever p(x) = we have p{x*x) — 
and (b) impHes that p(E{x*x)) = 0. But then E{x*x) = by (a), and since E is 
faithful this implies that x = 0. Thus p is injective. □ 

Theorem 6.16 (Cuntz-Krieger Uniqueness). Let Q :— {E'^ , E^ ,r, s, X) be a topo- 
logical quiver that satisfies Condition (L), let X be the C* - correspondence over 
A = Cq{E^) associated to Q, and let (iPq^ttq) be a universal Toeplitz represen- 
tation of X into C*(Q) which is coisometric on Co(-Ercg). If p : C*{Q) C is 
a * -homomorphism from C*(Q) into a C* -algebra C with the property that the 
restriction pIt^q^a) injective, then p is injective. 

Proof. Let Q' be the topological quiver formed by adding tails to the sinks of Q, 
and let Y be the C*-correspondence associated to Q'. If {tpQ,TTQ) is a universal 
representation of X which is coisometric on CoiE^^g), then by Theorem I4.3r c) we 
may identify (C* (Q), -^g, ttq) with {S,ipQi\x ,t^q'\a)i where S is the subalgebra 
of C*(Q') generated by {ipQ'{£,,0),TTQ/{a,6) : £, e X,a e A} and (V'e' , ttq/ ) is a 
universal Toeplitz representation of Y into C*{Q'). In addition, we may realize C 
as a subalgebra of B{T-Iq) for some Hilbert space TLq. Now by Theorem^2Ja) we 
may extend p : S" — > S('Hg) to a homomorphism p : C*{Q') — > B{Hq © Ht) with 
the property that p\ttq,(b) is injective. Since Q' has no sinks, we may conclude 
from Lemma 16.151 that p is injective, and consequently p is injective. □ 

7. Relative Quiver Algebras 

A relative quiver algebra is a C*-algebra of the form 0{Co{V), X), where Q — 
{E^,E^,r,s,X) is a topological quiver, X is the C*-correspondence associated to 
Q, and V is an open subset of E^^^. In this section we shall show that any relative 
quiver algebra is isomorphic to the C*-algebra of a (possibly different) quiver. 



Definition 7.1. If ^ is a subset of a topological space X, then the boundary of A is 
defined to be Bd{A) ■.= An iX\A). 
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Definition 7.2. Let Q = {E^\E'-,r,s,X) be a topological quiver, and let V be an 
open subset of E^^^. We define a quiver Q{V) := {F^, F^,r, s, A) as follows: 

Wc first set C := E^^^\V and W := Int C. 

To form F° we begin by taking the disjoint union of two copies of E^. More 
formally, we identify E^ with 

E° X {0} = {{v,0):v€E°} 

and 

E° X {1} = {{v, 1) : V e £"} 

and consider {E'^ x {0}) U (£'" x {!}). We then define an equivalence relation ~ on 
this disjoint union by 

(w,0)~(w,l) -dvGE^XW 

and we set F° := {{E° x {0}) U {E° x {!}))/ - with the quotient topology. 
Similarly, we identify E^ with 

X {0} = {(a,0) :ae£;^} 

and 

E^x{l} = {{a,l):aGE^} 
and define an equivalence relation ^ on the disjoint union {E^ x {0}) U {E^ x {!}) 
by 

(a,0)~(a,l) iiaeE\r-'^{W). 
We then define := {{E^ x {0}) U {E'^ x {1}))/ ~ with the quotient topology. 
Next we define s : ^ by 

s(a, k) = (s(a), 0) for (a, fc) G F^ 
and we define r : F^ — > F'' by 

f{a,k) = {r{a),k) for(a, fc)eF^. 

Note that f and s are well defined. 

Finally, wc define the measure A. For any (w, fc) S F'^ we see that f~^{v,k) = 
r~^{v) X {fc}, which may be identified with r~^{v), and we let \v,k) equal A^ on 
this space. 

Remark 7.3. Using the definition of the quotient topology it is straightforward to 

show that Q{V) as defined above is in fact a topological quiver. Also note that wc 
may view F° as formed by adding a copy of W to F" and attaching it at Bd(H^), 
and we may view F^ as formed by adding a copy of r~^{W) to E^ and attaching 
it at Bd(r-i(W)) = r-'^{Bd{W)). 

Remark 7.4. li f,g G Co(F°) with f\EO\w = 9\eo\wj then we may form a function 
(/,9)eCo(-F»)by 

(/,,)(.,*) 

[g{v) k=l. 

Furthermore, one can show that every element of Co(F°) has this form. Likewise, 
if ^,7? G Cc(F^) with ^|£;i\t— i(vr) = '?|Bi\r-i(w)> then we may form a function 
(^,r,)GCe(Fi) by 

'C(a) k = 



{^,r]){a,k) := 



ri{a) k = 1. 
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Furthermore, one can show that every element of Cc{F^) has this form. 

Throughout this section we will fix a quiver Q = (E'^ , ,r, s, X) and an open 
subset V of i?rcg- We will consider the quiver Q{V) :— {F^, F^,f, s, A) as defined in 
Dcfinition l7.2l and identify Cq{F^) and Cc{F^) with the pairs of functions described 
in Remark m We shall also let C := E°^g\V and := Int C throughout. 

We see that if X is the C* -correspondence over A — Co{E'^) associated to Q 
with left action (f) : A C{X), and if Y is the C* -correspondence over B = Co(F°) 
associated to Q{V) with left action (pg : B 'C(y), then with these identifications 
we have the following relations: 

^Bif,9m,v) - m^m-n) for (/,<?) e Co(FO) and (^,77) e C,{F^) 

V) ■ if, 5) = (^ /, ^ • ff) for (/, 5) e Co{F°) and {t v) e Cc{F') 

((ei,m),(6,»72)>s - ((ei,m)A,(6,^2)A) for (ei,??i),(6,^2) e C,iF') 

The following lemma is well known, however, since we know of no place where a 
proof is written down, we provide one here. 

Lemma 7.5. Let X be a second countable locally compact Hausdorff space, let U 
be an open subset of X , and let f G C'q{X). Then flu £ Cq(U) if and only if 
/lBd(;7) = 0- 

Proof. Suppose f\Bd(u) =0- If e > then {x £ X : \f{x)\ > e} is a compact subset 
of X, and since U is closed, the set {x £ U : \ f{x)\ > e} is also compact. Therefore, 
/lBd(c/) = implies that {x E U : \f{x)\ > e} — {x £ U : \f{x)\ > e} is compact. 
Hence /|c/ G Co(?7). 

Conversely, suppose that /|Bd(f7) is not identically zero. Then there exists x G 
Bd(;7) such that f{x) ^ 0. Let e \f{x)\/2. Then C :^ {x £ U : \f{x)\ > e} is 
nonempty due to the fact that / is continuous and x £ Bd(C/) is a limit point of U. 
Since X is a second countable locally compact Hausdorff space it is metrizable. For 
each n G N let Bn be the closed ball of radius 1/n centered at x. Then {X\Bn}'^^^ 
is an open cover of C. Furthermore, since a: is a limit point of U, for every n G N 
there exists an element which is in both _B„ and C. Thus no finite subcover of 
{X\Bn}^^i will cover C. Consequently C is not compact and f\^ ^ Co{U). □ 

Lemma 7.6. If {f,g) £ Co{F^^g), then osupp/ CVUW and osupp^ C V. 

Proof Since {f,g) £ Co{F°^g) we know that e IC{Y). Thus 

<t>B{f,g) = limE®L,..')...).(-.,.,C„,.) 
and for any ^ G X we have 

(0(/)C,O) = 0s(/,5)(e,O) = lim V(e„,fcKfc,e)A,0) 

n — ^ 

fc=l 

so that 4){f) = lim„ k k ^ ^i-^) ^^-'^ osupp/ C E^^. Furthermore, if w G 
-^sinks' t'^™ ^) is a sink in F". Since osupp(/, g) C F^^^ we have that osupp(/, g)r\ 
-F^s°„ks = and consequently osupp / n = 0. Thus osupp / C E°^\E^^ = 

E^gg. In addition, since every element of {{v,l) : v £ W} is a sink in F, we see 

that {(^;,0) : v £ Bd{W)} C F^^. Because osupp(/,g) C F,% = Fi^\F^^ it 
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follows that osupp / n Bd Vl^ = 0. But since E'^^^ C V UW UBdW ^ne then have 
that osupp f <ZV C]W. 

In addition, since every element of {{v, 1) : w € W} is a sink in F'^ , we see that 
osupp (7 C\W — %. Because f\E«\w = 9\e'>\w this implies that osuppg C W . □ 

Throughout the rest of this section let X denote the C*-correspondence over 
A ~ Co{E^) associated to Q, and let Y denote the C* -correspondence over B = 
Co{F^) associated to Q{V). We shall also let 4> : A ^ 'C(X) denote the left action 
of A on X, and (f>B ■ B ^ ^0^) denote the left action of B on Y. 

Definition 7.7. If ('07 ^r) is a Toeplitz representation of X in a C*-algebra D, we 
define a *-homomorphism tt : B D hy 

Remark 7.8. Since f\EO\w = 9\eo\w'^^ see that / — g is supported on W and 
vanishes on Bdl^. By Lemma [731 it follows that f - 9 e C(i{W) C C^{E^^^). 
Hence (j){f — 9) & ^{X) and tt^^) (</)(/ — g)) is defined. Furthermore, the relation 
7r(a)7r(-'^) = tt^^^ ((/)(a5)) shows that tt is in fact a homomorphism. 

Definition 7.9. If (V'j?'') is a Toeplitz representation of X into a C*-algebra D, 
then we define a hnear map $ : Cc(r^^(VF)) ^ I? as follows: If C G Cc{r^^{W)), 
then suppC C r-i(W^) so that {C,.v)a & Iw ■= Co{W) for aU t] e X. By the 
Hewitt-Cohen Factorization Theorem we have that XIw = {£, E X : {£^,ri)A & 
Iw for all T] e X} (see ^Hl Section 2]). Thus C G -'^^w and ( = vh for some e X 
and some ft- E Iw '■= C()(r~^{W)). We then define 

$(C) :=7A(z.)7r(i)((/.(/i)). 

Lemma 7.10. The map 4> is well defined and linear. 

Proof. If C e Ccir^^{W)) with C = i^ihi = 1/2^2 for i^i, ;/2 E X and /ii, /12 G Iw ■= 
Co(W), then 

= ^(i)(<^(fti))*V(i^i)X^i)7r«(0(/^i)) - ^(in'/'(/i2))*V'(i^2)X^^i)7r(i)(0(fti)) 

- ^«(0(/li))*V'('^l)*0('^2)7r(in0(/^2)) + ^('H0(/^2))*^(^^2)*0(^^2)7r(in'/'(/i2)) 
= ^(l)(0((i.lftl,Z.lftl)^))-^«(0((i.2/l2,i'lftl)A))-^(')(</'((i/lftl,J^2ft2>A)) 
+ 7r(l)(0((z/2ft2,^2/'-2)A)) 

= 

so the C*-identity implies that i/'(i^i)7r^^^ ((/)(/ii)) = ijj{v2)TT^^H4'{h2)), and $ is weU 
defined. To see that $ is linear, let Cij C2 € Cc(?'~^(M^)) and c E C Also write Ci = 
vihi and (^2 = i^2ft2 and c^i -I- (^2 = I'ft for some i/2, G X and some /ii, /12, ft G 
:= CoiW). If we let z := c^lvi)'!T^^^hi) + ^P{ly2)'^:^^Hh2) ~ ^■'{^)T^^^Hh), then an 
argument as above shows that z*z = and thus z — and $ is linear. □ 

Definition 7.11. If (?/', tt) is a Toeplitz representation of X in a C*-algebra D, then 
we define a linear map -0 : F ^ _D as follows: for (^, 77) E Cc{F'^) we set 

(7.1) i'{tv)--=i'{v) + H^-v). 
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Note that since £,\E'^\r-'^(W) = v\E'^\r-'^{W) we have that ^ — 77 is supported on 
r~^{W) and thus <i>(^ — rj) is defined. Since Cc{F^) is dense in Y we may use (|7.1|l 
to extend ^ to a hnear map tp : Y ^ D . 

Lemma 7.12. If (ip,?:) is a Toeplitz representation of X into a C* -algebra D, then 
(t/'jTt) is a Toeplitz representation ofY into D. Furthermore, if{'ip,'K) is coisometric 
on Cq{V), then (V', tt) is coisometric on Co(F^'J,g). 

Proof. In order to show that (t/'jTt) is a ToepUtz representation it suffices to show 
that (i) and (ii) of Definition lO hold. Let {f,g) e Cq{F^) and {^,r]) £ CdF^). If 
we write — rj = I'h tor v E X and h e Co{W), then we see that 

Hf,9m,v) - i^ig) + ^^'\^if - 9))mri) + '^(C - V)) 

= 7T{g)^{v) + ^(1) (0(/ - g))yj{ij) + ^{g)^{v)^^^^ {<P{h)) 

+ ^«(0(/-5))^M7r«(0(M) 
+ - g)v)^^^\m 

^^pmm,Hf)v) 

^kMf,gmv))- 

In addition, if (■^i, V2) G Cc{F^) and we write ^1 — rji — vihi and ^2 ~'i]2 — 

i^2^2 for I'l, V2 E X and hi, h2 G Cq{W), then 

^(6, ^2) = (^(?7i) + - vi)TWv2) + $(6 - ^72)) 

= (./-(TvO + ^l^^iy W/ii)))*(V(r/2)+V'(^2)7r(^H0(/i2))) 

+ 7A(z^i)*V(i^2)7r(i)(0(/^2)) 

= 7r((r/i,?72)A) + 7r'^^^(0((i'i/ii,i^2)A)) + tt*^-' ((/"((i^i, i^2^2)a)) 

+ 7r(i)(0((i.i/ii,z.2/^2>A)) 

= 7r((77i, 7^2)^) + 7r(i)(0((6, 6)a - (?7i, ^2)a)) 

= 7i"((Ci,6)A, {vi,V2)a) 

= ^(((6,?7i), (6,f?2))i3). 

Since Cc(F^) is dense in Y, the above two equations show that (i) and (ii) of 
Definition 12.^^1 hold, and consequently {ip,Tt) is a Toeplitz representation. 

Furthermore, suppose that {tpjir) is coisometric on Co{V). If {f,g) G Co{F^^g), 
then by Lemma ITiil we have that osupp/ CVUW and osuppi? C V. Thus we may 
write (/, g) = {hy + hw, hy), where hy G Co{V) and hw G Co(W^). If we write 

(l){hv + hw) = 
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then 



t>B{hv + hw, hv) ~ limy^ 9^ 

71 < ^ 



k=l 



and 



lim > V(Cn,fc,Cn,fc),V'(?7 
n ^ — ^ 



fc=l 



= limy'?/;(fn,fc)V'('7«,fc)* 



, 1 



r«(0(/iv + W)) 
= 7r{hv + hw, hv) 

so {iP,tt) is coisometric on Co{F^^g). □ 

Theorem 7.13. Let Q = (£^*', i?^, s, A) &e a topological quiver and let V be an 

open subset of E^^,^. Also let X denote the C* -correspondence over A = Cq{E'^) as- 
sociated to Q, and let Y denote the C* -correspondence over B — Co{F'^) associated 
to QiV). 

Let (V'jTr) be an injective Toeplitz representation of X into a C* -algebra D which 
is coisometric on Co(V^) and has the property that whenever f G Co(-E'g„) and 
7r(/) = T^^^\4>{fy), then f € Cq{V). Then (V'jTr) is an injective Toeplitz represen- 
tation ofY into D which is coisometric on Cq{F^^^). 

Proof. It follows from Lemma |7.12l that (V'jTt) is a Toeplitz representation which 
is coisometric on Co(Fj°g). To see that (t/'j-tt) is injective, let {f,g) £ Co{F^) 
with 7r(/,5) = 0. Then 7r(.g) = n'-^H^g - /)): and by Lemma \TW\ we have 
that (j){g) e and 'K{g) = tt^^^ ((^(5)). It then follows from the hypothesis 

of this lemma that g e Co(V). Since fls^xw = 9\eo\w must have f = g + h 
where h e Co{W). But then the fact that 7r(g) — 'K^^\(j){g — /)) implies that 
7r(i)(0(.g)) = 7r(i)(0(/i)) and by Lemma I?TT1 we have that g = h. Since VnW = 
this implies that g = h = 0. Thus f = g + h = and (/, = so that tt is 
injective. □ 

Corollary 7.14. If {4', tt) is a universal Toeplitz representation of X in 0{Co{V), X) 
which is coisometric on Co{V), then the induced homomorphism p^^ : C*{Q{V)) 
0{Co{V), X) is an isomorphism. 

Proof. Let {tpQ,T^Q) denote the universal representation of X in C*{Q) which is 
coisometric on Co{E^^^). Since {iPq,ttq) is also coisometric on Co{V), there exists a 
homomorphism P(0Q,7rQ) ■ 0{Co{V), X) C*{Q) with P(4iq.-kq)°t^ = ttq. Because 
TTg is injective by Corollarv l4.5l it follows that tt must also be injective. Thus ("0, tt) 
is an injective Toeplitz representation. Furthermore, it follows from Lemma l2.9l that 
if / e Co(Sg„) and 7r(/) = tt^^) ((/)(/)), then / e Cq{V). Thus Theorem ITT^ shows 
that (V'j'T') is an injective Toeplitz representation which is coisometric on Cq{F^^^. 
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Because the mduced map : C* {Q{V)) 0{Co{V), X) intertwines the 

gauge actions on C*{Q{V)) and 0{Co{V), X) (simply check on the generators 
V'C(y)(^) U TrQ{v){B)), it foUows from Theorem 14. 71 that p^^ is injective. 

Finally, p^^^^ is surjective since for any f e A we have P(^^^j,){TTQ(v){f,f)) = 

HfJ) = T^if), and for any ^ e CdE^) we have P(^^^f,)i4'Q{v)iC, 0) = ^-(^,0 = 
Thus is an isomorphism. □ 

Corollary 7.15. If{tp, tt) is a universal Toeplitz representation of X in 0{C'q(V), X) 
which is coisometric on Cq{V), and p : 0{Co{V), X) —fDisa *-homomorphism 
between C* -algebras that satisfies the following three conditions: 

(1) the restriction p|,r(A) *s injective 

(2) the restriction p|(7r-7r(i)o0)(Co(B'' )) injective 

(3) there exists a strongly continuous gauge action /3 : T ^ Aut im p with 
Pz ° p = PJz for all z gT 

then p is injective. 

Proof. If we define (tPotTTq) ~ {p o ip^ p o tt), then ("007 ""o) is a Toeplitz repre- 
sentation of X into D which is coisometric on Co{V). Condition (1) shows that 
(t/iojTTo) is injective, and Condition (2) shows that whenever / e Co(-Ej?og) and 
7r(/) = 7r(i)(0(/)), then / e Co{V). Thus by Theorem 03 we see that (^Ao^o) 
is an injective Toeplitz representation of 1" in Z? which is coisometric on Co(-Frcg)- 
Consequently, it induces a homomorphism p^^^ : C*{Q{V)) — s- D whose restric- 
tion to 7ro(i?) is injective. This, combined with Condition (3), allows us to apply 
Theorem l4.7l and conclude that p^^^^ is injective. Since ipQ — poip and ttq — pon 
we see that p^^^^ ^^^^ = P° From CoroUarv 17 . 1 41 we know that P(^ is an 

isomorphism and thus p is injective. □ 

Corollary 7.16. // Q satisfies Condition (L) and p : C'(Co(T^),X) D is a 
homomorphism between C* -algebras that satisfies the following two conditions: 

(1) the restriction p|^(^) is injective 

(2) the restriction p|(^_7r(i)o0)(Co(B'' )) injective 
then p is injective. 

Proof. In forming Q{V) we see that all of the elements in the added copy of W are 
sinks, and thus no loop in Q{V) is based at elements in the added copy of W. Thus 
the fact that Q satisfies Condition (L) implies that Q{V) satisfies Condition (L). 
In addition, as in CoroUarv 17 . 1 51 we see that {ipo, ttq) — (p o t/), p o tt) is a Toeplitz 
representation of X in D which is coisometric on Co{F^^g), and Conditions (1) and 

(2) show that the hypotheses of Theorem 17.131 are satisfied. Thus {ipo,Tto) is an 
injective Toeplitz representation of 1" in _D which is coisometric on Co{F^^^), and 
by Theor em EI IEl we have that P(^^_^^) is injective. Since P(^„^jro) = P° P{,p,i) and 
CoroUarv 17 . 141 shows that is an isomorphism we have that p is injective. □ 

8. Gauge-Invariant Ideals and Quotients 

In this section we use Theorem 14. 71 to characterize the gauge-invariant ideals in 
C* -algebras associated to topological quivers, and to identify quotients of quiver 
algebras by these ideals. 
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Definition 8.1. Let X be a C* -correspondence over A. We say that an ideal / 
in A is X -invariant if (f){I)X C XI. We say that an X-invariant ideal / in A is 
X -saturated if 

a e Jx and (j){a)X C XI => ae I. 

Recall that if / is an ideal of A, then 

Xi -.^ {x e X : {x, y)A^l for all y G X} 

is a right Hilbert A-module, and by the Hewitt-Cohen Factorization Theorem we 
have Xi = XI := {x ■ i : x £ X and i £ 1} (see QSl §2]). Furthermore, X/XI is a 
right Hilbert A/ I-module in the obvious way |19[ Lemma 2.1]. In order for X/XI to 
be a C*-correspondence, we need the ideal I to be X-invariant. Let : A ^ A/I 
and q^^ : X X/XI be the appropriate quotient maps. If / is X-invariant, then 
one may define (pj^/j : A/ 1 ^ C{X/XI) by 

<t>A/i{q\a)){q'''{x)) g^^(0(a)(a;)) 

and with this action X/XI is a C* -correspondence over A/ 1 11^, Lemma 3.2]. 

Lemma 8.2. Let X he a C* -correspondence over a C* -algebra A, and let I he an 
X-saturated X-invariant ideal in A. If : A ^ A/I denotes the quotient map, 
then 

q'{Jx) C Jx/xi- 
Furthermore, if X has the following two properties: 

(1) ^{A) C }C{X) 

(2) ker0 is complemented in A (i.e. there exists an ideal J of A with the prop- 
erty that A = J ® ker (p), 

then 

q'{Jx) = Jx/xi- 

Proof. Let a £ Jx- Then a € J{X), and it follows from ^1 Lemma 2.7] that 
q^{a) G J{X/XI). Also, if q^ {h) S ker^^y/, then q^ {ab) G VeicjiA/i and for all 
X £ X we have 

q''\c^{ab){x)) = <i>A,i{ab)q''\x) = 

and thus 

(8.1) (t){ab)XI C XI. 

Since a £ Jx and Jx is an ideal, we see that ah G Jx- Furthermore, because 
/ is X-saturated, (|8.1|l implies that ab G I and q^{a)q^{b) ~ q^{ab) = 0. Thus 
q'{a) e {keTipA/i)^ and q\a) € Jx/xi- 

Now suppose that Conditions (1) and (2) in the statement of the lemma hold. 
Since 4>{A) C JC{X) it follows that J{X) — A. In addition, 19, Lemma 2.7] shows 
that q\j{X)) = J{X/XI). From Condition (2) we know that A = Je ker./) for 
some ideal J of A. However, the definition of Jx then implies that J = Jx- Thus 
ii a E A and q^ (a) G Jx/xi, then we may write a = 6 + c for b G Jx and c G ker ip. 
But then q^{b) G Jx/xi by the first part of the lemma, and q^ {c) — q^ (a) — q^ [b) G 
Jx/xi- Since c G ker0 it follows that for all x € X we have 

0A/7(«'(c))g^^(x)=g^"^(</>(c)(a;))=O 

and thus (Z^(c) G ker0^//. Consequently q^(c) G Jx/x/l^kert/)^// = {0} so q^ {c) — 
and q\a) = 9^(6) G q\Jx)- Hence Jx/x/ C q\Jx)- □ 
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We shall see in Example 18.141 and Example 18.151 that both Property (1) and 
Property (2) are necessary in Lemma 

Definition 8.3. Let Q = {E'-\ ,r, s, X) be a topological quiver. We say that a 
subset t/ C is hereditary if whenever a G and s{a) £ U, then r{a) E U . We 
say that a hereditary subset U is saturated if whenever v G ^-reg r{s^^{v)) C U , 
then V E U. 

Lemma 8.4. Let Q ~ (E^ , E^ ,r, s, \) be a topological quiver. An open subset 
U C E'^ is saturated if and only if whenever V is an open subset of E^^^ and 
r{s-^{V)) C U, then V CU. 

Proof. Clearly if U is saturated, then it has the above property. Conversely, suppose 
that U has the property that whenever V is an open subset of i?J?gg with r{s~^{V)) C 
U, then V C U. We shall show that U is saturated by showing that whenever 

V € E^g^\U, then there exists a G E^ with s{a) = v and r(a) ^ U. To this end, let 

V G E^^g\U. Since v € E^^^ we know that there exists a neighborhood V v such 
that s~^(V) is compact and ?'|s-i(V') is a local homeomorphism, and furthermore 
that V e s{E^). Now since v ^ U it follows from our hypothesis that for every 
neighborhood W of v there exists a /3 S s~^{W) with r(/3) ^ [/. Thus we may 
choose a sequence of edges {an}^=i ^ s^^(V) with r{an) ^ J7 for all n, and with 
lim„^oo ^(an) = V. Furthermore, since {anjJ^Li is contained in the compact subset 
s~^(V) we may (after possibly passing to a subsequence) assume that lim„_+oo ctn 
exists. If we let a := lim„_->oo Q^n, then we see that 5(0;) = lim„^oo s{an) = v. In 
addition, since r{an) ^ U for all n, the fact that U is open implies that r{a) = 
lim„ r{an) ^U. □ 

Lemma 8.5. Let Q = (i?'', i?^, r, s. A) be a topological quiver and let X be the C* - 
correspondence associated to Q. If I is an ideal in Co(i?°), then I = Co{U) for an 
open subset U C E° and 

(1) / is X -invariant if and only if U is hereditary. 

(2) / is X -saturated if and only if U is saturated. 

Proof. Certainly / has the form Co{U) by general theory. To see (1) suppose first 
that / is X-invariant. U a & E^ and s{a) G U, choose / € Co{U) with f{s{a)) ^ 0. 
Also choose ^ G Cc{E^) with ^(a) 7^ 0. Since / is X-invariant (pif)^ = V9 ^ot some 
T^e X andge I = Co{E"). Now 



so g{r(a) =/= and consequently r(a) G U . Thus U is hereditary. 

Conversely, suppose that U is hereditary. If / G Co{U) and ^,?7 G Cc{E^), then 
for any v ^ U we have 



since s{a) ^ U whenever r{a) — v. Thus G / = Co(t/) and since Cc(£'^) 

is dense in X this shows that 4'{f)X G X/ = XI and / = Co{U) is X-invariant. 

To see (2) suppose first that / = Co{U) is X-saturated. Let V be an open subset 
of E° with r{s-^{V)) C U. Choose any w G and let / G Cc{V) with /(w) = 1. 
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Then / e Co(i?rcg) and for all G Cc[E^) we see that when w £ U we have 

J r ^ {w) 

since whenever s(a) e y we must have r{a) ^ U and thus r(a) 7^ ui. This shows 
that {(t>{f)S,:ii) A E I = Co{U) and since Cc{E^) is dense in X, it follows that 
(j>{f)I C Xi — XI. Because I is X-saturated this implies that f E I = Co{U), and 
consequently v e supp/ C U. Hence V C U and by Lemma f8. 41 it follows that U 
is saturated. 

Conversely, suppose that U is saturated. Let / G Co{E^^g} with <j>{f)X C X/. 
Also let V := osupp/ C E^^^. Then it follows that C Xi ^ XI and 

e / = Co(?7) for all ^ G Cc(i?^). Hence whenever w ^ U we have 

/ 7R^|C(a)prfA„(a) - - 

for all ^ S Cc{E^). But this implies that /(s(a)) = for all a £ r^^{w). Hence 
w i r[s-^(y)) and r[s-^{y)) C V. By Lemma lO it follows that F C [/ and 
/ e Co(C/). Hence / = Co(C/) is X-saturated. □ 

Lemma 8.6. Let X be a C* -correspondence over a C* -algebra A, and let {tp, tt) be 
a Toeplitz representation of X into a C* -algebra B which is coisometric on Jx- If 
I is an ideal in B, a € Jx, and 

'iJj{x)*Tr{a)^p{y) G / for all x,y £ X 

then 7r(a) G /. 

Proof. Note that 7r(^'(/C(X)) = span{?/'(a:)?/'(y)* : x,y € X}, so we may choose an 

approximate unit {e\}xeA for '^'"^H^i^)) with each ca of the form 4'i.x^)^{yk)* 
But then e\T:{a)e\ G / and since a £ Jx we see that 7r(a) — tt^^^ ((/)(a)) G 
7r(i)(/C(X)). Taking hmits then shows that 7r(a) £ I. □ 

Lemma 8.7. Let Q = {E'^ , E^ ,r, s, X) be a topological quiver, let X be the C* - 

correspondence associated to Q, and let (V'Si'^'q) 0, universal Toeplitz represen- 
tation of X in C*(Q) which is coisometric on Cq{E^^^). If 2 is an ideal in C*{Q), 
then tTq^(X) is an X -saturated X -invariant ideal in A := Cq{E^). 

Proof Clearly / := 7rg^(X) is an ideal in A^Cq{E^). To see that / is X-invariant, 
let / G /. Then for aU ^, 77 G Cc(£'^) we have 

^Qmm.ri)A) = V'Q(0(/)e)>QW = V'Q(e)^s(/)*^s('7) € i. 

Thus {4>{f)i,ri)A G / for aU ^,77 G Cc{E^). Since Cc{E^) is dense in X this shows 
that {(j){f)x, y)A G / for all x,y £ X. Thus (t>{f)X C Xi = XI and / is X-invariant. 

In addition, if / G Co{E^^^) and 4){f)X C XI, then for all a; G X we have 
<t>{f)x £ XI = Xj so that {(j){f)x,y)A G I for all x,y £ X. But then for all 
a;, y G X we have 

V'Q(a;)*7rg(/)*V'g(j/) = TTQ{{(t){f)x,y)A) £ 1 

and by Lemma f8. 61 we have that 7rg(/)* G T and thus TTQ{f) £ I. It follows that 
f £ I and / is X-saturated. □ 
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Definition 8.8. Let Q — (£'", E^,r, s, A) be a topological quiver. If [/ is a hereditary 
open subset of E° we define a topological quiver Qu := {E^,EIj, ru,su,)^^) by 

E°:^E"\U EIj -.^ E\r-\U) 

ru r\Ei^ su := sbi^ := X\eo\u- 

It is straightforward to verify that Qu is a topological quiver. 

Remark 8.9. Let Q = i?^, r, s, A) be a topological quiver and let X be the 
C* -correspondence over A :— Cq{E^) associated to Q. If [/ is a hereditary open 
subset of then Ijj := Co{U) is an X-invariant ideal in A and X/ XIjj is a right 
Hilbert A/J^j-module. Furthermore, if U is also saturated, then Ijj is X-saturated 
and X/ XIjj is a C* -correspondence over A/Iij ^ Co(i?fJr), and we see that X/XIjj 
is the C* -correspondence associated to Qu- 

Definition 8.10. Let Q = {E'^,E-^,r, s, A) be a topological quiver, let U he a hered- 
itary open subset of and let V be an open subset of {E^)rcg- Then we define 
Q{u,v) •= Qu{y)'i that is, Q[u.v) is obtained by first forming the quiver Qjj from 
Q as described in Definition 18.81 and then forming the quiver Qu{V) from Qjj as 
described in Definition 17.21 

Lemma 8.11. Let Q — (E*^ , E^ ,r, s, X) be a topological quiver, and let X be the 
C* -correspondence over A — Co{E'^) associated to Q. If (j){A) C ]C{X), then the 
following are equivalent: 

(1) ker0 is complemented in A (i.e., there is an ideal J in A such that A = 
J e ker (/) j 

(2) A = J x © ker 

(3) s{E^) is a clopen subset of E'^ . 

Proof. Suppose (1) holds. Then A — J ® ker0 for some ideal J in A. Since 
4i{A) C JC{X) we see that J{X) ~ A and J is the largest ideal of J{X) which 
annihilates ker0. Thus J = Jx and (2) holds. 

If (2) holds, then Co(-B°) = Co(i;?og) © Co{E%^\,s) and thus E^ is the disjoint 
union of E'^^^ and -Egini^g. Since E'^^^ is open this implies that -Egi^i^s is closed, and 
because -Egi^i^s = E^\s{E^) we see that s{E'^) is open (and hence clopen) so that 
(3) holds. 

If (3) holds, then s{E^) is clopen and fi'sinijs = E^\s{E^) is clopen. Also since 
^{A) C ICiX) we have that = E°, and i?" ^ = - ^°\^^sink. is open. 

Thus i?" is the disjoint union of the open sets SfJ^g and E^^^^^. Hence 

A = Co(i?°) = Co(ii;°g) ® Co(ii;Lks) = Co{E?J ® ker<^ 
and (1) holds. □ 

Lemma 8.12. Let Q — r, s. A) be a topological quiver and let U be a 

saturated hereditary open subset of . Then 

E°cg\U C {E^),-cg- 

Furthermore, if E^^^ — E'^ and s{E^) is a clopen subset of E'^, then El!^^\U — 

(^[/)rog- 
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Proof. Let X denote the C* -correspondence over A :— Co(£'°) associated to Q. If 
we define / :— Co{U), then Lemma WE\ shows that / is an X-saturated X-invariant 
ideal in A. Since q'iJx) = qHCoiE^,^)) = Co{E^,g) and Jx/xi - Co((^[})rcg) the 
result follows from Lemma 18.21 and Lemma 18.111 □ 

Remark 8.13. Let Q ~ E^, r, s, A) be a topological quiver, and let X be the C*- 
correspondence over A = Co(i?°) associated to Q. If 4>{A) C IC{X) and s(i?^) is a 
clopen subset of i?^, then it follows from Lemma lH^^ and Lemma l^ . 1 ll that whenever 
/ is an X-saturated X-invariant ideal in A, one has that {Jx) = Jx/xi- 

The following two examples show that if we remove either the condition that 
(t){A) C JC{X) or the condition that kerc/) is complemented in A, then the contain- 
ment q^ {Jx) C Jx/xi may be strict. 

Example 8.14. Let E be the graph 



which contains two vertices, v and w, and a countably infinite number of edges 
from V to w. Then ker0 is complemented in A = Cq{E^) (since E^ has the discrete 
topology), but 0(A) ^ A^(-'^^) (since E is not row- finite, see 123 Proposition 4.4]). 
Since {w} is a saturated hereditary subset, we see that Iw := C-J^, is an X-saturated 
X-invariant ideal in A. But the quotient C*{E)/Iw is isomorphic to the C*-algebra 
of the graph consisting of the single vertex w (see 0] Proposition 3.4]). Thus we 
see that Jx/xi„ = C-Sy, but q'^{Jx) = q''"{Iw) = so q'^{Jx) ^ Jx/xi^- 

Example 8.15. Let E^ := {0} U [1,2], E^ {a}, s : E^ ^ E° given by s(a) = 
1, r : — > iS'^ given by r{a) — 0, and A given by counting measure. Then 
Q = {E°,E^,r,s,X) is a topological quiver, and E^^ = E° so 0(A) C IC{X), but 
s{E^) = {1} = {1} is not open, and consequently ken/) is not complemented in 

A = CoiE°). 

Furthermore, we see that E^^^^^ = E°\s{E^) = {0} U (1,2], and that £'j°g = 

E^n\Esinks = addition, U = (1, 2] is a saturated hereditary open subset of E^ 
and Q[/ is the topological quiver (or in this case directed graph) given by 



so that (£'[})rcg = {1}. But then if we let / := Ca{U) we see that q^{Jx) = 
<7^(Co(i?Og)) = and Jx/xi = Co((i?&)rcg) = C so that q' (Jx) C Jx/xi- 

Definition 8.16. Let Q = {E*^ , E^ ,r, s, X) be a topological quiver. We say that 
([/, V) is an admissible pair of Q if the following two conditions are satisfied: 

(1) [/ is a saturated hereditary open subset of E'^ 

(2) V is an open subset of Efj with E^^^\U CV C iE^)rcg. 

Definition 8.17. Let Q = {E'^ , E^ ,r, s, X) be a topological quiver, let U be an 
open hereditary subset of E'^, and let V be an open subset of {Eij)i-cg. If / 
Co(U) and (ipx/xi t^^x/xi) is the universal Toeplitz representation of X/XI in 
C(Co(y), X/X/) which is coisometric on Co{V), then we define a map Ty^y : 
J(X/X/) ^ 0(Co(V),X/X/) by 

TuA<l'if)) ■■= ^A/i{q\f)) - ^i'l(0A//(9'(/))). 
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The map defined in Definition 18.171 is a special instance of the map defined in 
|41l p. 20], and as shown there it is a homomorphism. 

Lemma 8.18. Let Q = {E'^ , ,r, s, X) be a topological quiver and let X be the 
C* -correspondence associated to Q. If {U,V) is an admissible pair for Q, let 
I := C'o{U) and let {4'x/xi jT^A/i) &e a universal Toeplitz representation of X/XI 
into 0{Co{V), X/XI) which is coisometric on Co{V). Then there exists a homo- 
morphism hu^v '■ C*(Q) — > 0{Cq{V),X/ XI) that makes the following diagram 
commute 



X > X/XI 




Proof. It suffices to prove that the Toephtz representation (V'jTt) := {tpx/xi ° 
q^^^TTA/i o q^) is coisometric on Co(-E°eg)- Since E^^^\U C V it foUows that 
q'iCoiE^^g)) C Co{V), and thus by [II Lemma 2.9(2)] we have that {ip,Tr) is 
coisometric on Co{E^^^). □ 

Definition 8.19. Let Q = {E'^ , E^ ,r, s, X) be a topological quiver and let {U,V) be 
an admissible pair for Q. We define an ideal T(u,v) in C*{Q) by 

V-) the ideal in C*{Q) generated by 7rQ(Co(C/)) U h^^y{TuyiCo{V))). 

Lemma 8.20. Let Q = {E'^ , E^ ,r, s, X) be a topological quiver and let X be the 

C* -correspondence associated to Q. If {U,V) is an admissible pair for Q, then 
ker/if/y — 2[uv)- Furthermore, if we let I := Cq{U), then C*{Q)/2(uv) — 
OiCoiV),X/XI). 

Proof. Let (V'x/x/i ""A//) be a universal Toeplitz representation of X/XI into 
0{Co{V),X/Xr) which is coisometric on Cq{V). As in the proof of Lemma [8.181 
we see that {ip, tt) :— {tpx/xi ° 1^^ ^T^Aji ° 9'^) is a Toephtz representation which is 
coisometric on Co(i?J?(,g), and hyy is equal to the induced homomorphism p^^, y^y 
Now for all / £ Cq{U) we have 

huyiTTQif)) = TTif) = nA/iiq'if)) - 
and for all / G Co{V) we have 

huyih^UTuyif))) = Tuyif) = 7r^/,(/) - ^'^l]MA/iif)) = 

so hjjy vanishes on the generators of I(uy) and consequently I((7.v') C ker /i^/^y. 
Therefore, since huy is surjective we see that there exists a homomorphism 
: C*{Q.)/X(^uy) ~^ 0{C^{V),X/ XI) given by 

huy{a+I{uy)) = huy (a). 

In addition, since ^q{XI) C X^uy-^ there exists a linear map ■00 '■ X/XI 
C*{Q)/T(uy) given by 



TOPOLOGICAL QUIVERS 



43 



And likewise, since ttq(A) C there exits a homomorphism ttq : A/I — > 

C*{Q)/I(u,v) given by 

■^o{q\a)) = TTQ (a) + J(cr,y). 
It is straightforward to verify that (V'o: ""o) is a Toephtz representation of X/XI 
into C*(Q)/I([/ v-)- Furthermore, by T^, Lemma 2.6(2)] there exists a surjective 
homomorphism q/c : IC{X) —>■ K,{X/ XI) with 

Now for any x,y € X we have 

o n^^\Q^J = hu,v{i^Q{x)i^Q{yr) 

= ^x/xi{q'"{x))^^x/xi{q'''{y)r 

— ^A/l\^q^I(x),q^'(y)) 
= T^A]l°lK.i^x,y) 

SO that 

(8.2) huy o T^^Q = t^a]i ° IK.- 
Likewise, for aU y G X we have 

^Mq''\x))Mq''\y)r 

^q^'"'^^{^/jQ{x)^/jQ{yy) 

= /(-^-)(^g)(e^,)) 

so that 

(8.3) o = gl<-.-) o 7rg\ 

We shaU now use (|8.2|) and (|8.3|l to show that (i/'oii'o) is coisometric on Co(V^). 
If / e A = Co(V^) and g^(/) G Co{V), then because gjc is surjective there exists 
T e ICiX) with g^(T) = (/.A//(g^(/)), and 

hu,vMf) - tt^qHt)) = hu,vMf)) - Vy(7rW(T)) 
= ^A//(g'(/))-<^(9^(r)) 

= ^A//(«'(/))-<^(0A//(9'(/))) 
= Tu,v{q\f)). 

Thus 

'rQ(/) - 7r«(r) e /.^i^(r^,v(Co(i-))) c 

and 

Mq'if)) - 'rW(0A//(g'(/))) - 9^<-'^'(^Q(/)) - 4\iKiT)) 

= /(-^v-,(^g(/))_^(.,v)(^g)(T)) 

= /(-^-)(^s(/)-vrgHT)) 
= 
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SO that {tpQ,7To) is coisometric on Cq{V). It follows that {iPojTTq) induces a homo- 
morphism P{^o,r'o) ■ 0{Co{V), X/ X I) C*{Q)/l(^uy) and it is straightforward 
to check that P(^o.7ro) is an inverse for hjjy (simply check on generators, cf. the 
proof of ^1 Theorem 3.1]). Thus hjjy is an isomorphism from C** (Q)//([/ y) onto 
0{Co{V), X/XI), and consequently kerhuy = Xf^uyy □ 

Lemma 8.21. Let X he a C* -correspondence over a C* -algebra A, let K he an 
ideal in J{X), and let {ip, tt) he a universal Toeplitz representation of X in 0{K, X) 
which is coisometric on K. Also define a homomorphism T : J{X) —>■ 0{K,X) hy 

T{a) :=7r(a)-7r(i)(?i(a)). 

If Kq is an ideal in J{X) with K C Kq, and if {ipo-:''^o) *s ^ universal Toeplitz 
representation of X in 0{Kq, X) which is coisometric on Kq, then (V'Oi ""o) induces 
a homomorphism P(^g,Tr„) '■ 0{K,X) — > 0{Kq,X) and ker p^^^ .n.^-) is equal to the 
ideal in 0{K,X) generated hy T{Kq). 

Proof. Let T denote the ideal in in 0{K,X) generated by T{Ko). We see that for 
any a € Kq we have (T(a)) — 7ro(a) — TTQ^\4){a)) = and thus T(Kq) C 

kerp(^„,^„), and I C kerp(^g_^„). 

Let q : 0{K,X)/X ©(X, X)/ ker/9(^^^^p) be the quotient map. If we define 
(ill' ,1^') := {q-^ o ip^q^ o tt), then it is straightforward to verify that (^',7r') is a 
Toeplitz representation of X into 0{K, X)/T which is coisometric on Kq- Thus 
{iP',tt') induces a homomorphism P(^',7r') ■ 0{Ko,X) 0{K, X)/T. If we let 
7>{ipo,Tro) ■ ^('^i^)/kerp(^Q_7ro) ~^ 0{Ko,X) denote the canonical isomorphism, 
then it is straightforward to check that P(^\Tr') o P(^o.iro) ° 9 is the identity on 
0{K, X)/I (simply check on the generators q-''{7T{A)) U q-'' {tlj{X))), and thus q is 
injective and I = ker P(^g,Tr„)- O 

Theorem 8.22. Let Q = {E" , E'^ ,r, s, X) he a topological quiver. Then there is 
a hijective correspondence from the set of admissible pairs of Q onto the gauge- 
invariant ideals ofC*{Q) given hy 

iU,V)^I^u,v). 
Furthermore, for any admissible pair (U, V) we have that 

C*{Q)/I^u,v)^C*iQ(^u.v))- 

Proof. Let X be the C* -correspondence over A — Co{E'^) associated to Q, and 
let {"iPqjT^q) denote a universal Toeplitz representation of X into C*{Q) which is 
coisometric on Co{E^^^). 

To begin, we see that is in fact gauge invariant since 

^{u,v) = span{V'c(a;i) . . .-(/'s(a;n)^'0Q(yi)* ■■■ipQiv e X, 

yi...yme X, and z e ^q(Co(C/)) U h^^{Tu,viCoiV)))}. 

Surjectivity: To see that the map is surjective, let X be a gauge-invariant ideal 
in C*{Q) = 0{CoiE°^g),X). Define U to be the open subset of E° for which 
Co{U) — 7rg^(X). It follows from Lemma [8.71 that Co{U) is X-saturated and X- 
invariant, and thus Lemma 18.41 implies that U is saturated and hereditary. Let 
/ := Co{U) and define {iP,tt) to be the universal Toeplitz representation of X/XI 
into 0{q^ {Co{E^^^),X/ XI) which is coisometric on g^(Co(£'reg))- K follows from 
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Lemma 2.9(2)] that [ip o q^^n o q^) is a Toeplitz representation of X which is 
coisometric on Co{E^^g), and thus it induces a homomorphism h := P(0og^'^,7rog^)- 
We shall also define a homomorphism T : Jx/xi — ^ C>{q^ {Co{E^^g)) , X / X I) by 

T{q'{a)):^n{q'{a))~7r^^Hcl>A/l{q'{a))), 

and we define V to be the open subset of (E^),-cg with the property that Co{V) = 
T-\h{I)). Since q^{Co{E^^g)) = Cq{E°^^\U) we see that {U,V) is an admissible 
pair of Q. If {tpo, ttq) is the universal representation of X/ XI into 0{Ci:,{V) , X / X I) 
which is coisometric on Co(V^), then it induces a homomorphism p := P(i^p.7ro) ■ 
0{q\Co{E^ )),X/XI) 0{Co{V),X/XI), and the following diagram commutes: 




Furthermore, we see that huy — p o h, and Tjjy ~ p o T. Now clearly 

(8.4) TTQ{CoiU))CJ 

by the definition of U. In addition, if a; G hjj\r{T[jy{Co{V))), then 
pihix)) - huM^) e TuyiCoiV)) = p(T(Co(l/))) = p(r(T-i(/i(J)))) - p(;i(J)), 

and Lemma [8.211 implies that kerp is equal to the ideal in 0{q^ {Co{E^^g)),X/XI) 
generated by T{Co{V)) — h{T). Since h{T) is an ideal, this implies that kerp — 
h{T), and the fact that p{h{x)) £ p{h{T)) then implies that h{x) S h(X). However, 
|19[ Lemma 3.1] implies that ker ft, is equal to the ideal in 0{Co{E^^^), X/XI) gen- 
erated by 7rg(Co(t/)). Since Eg. 18. 41 shows that I is an ideal containing t^q{Cq{U))^ 
we then have that kerft C X. But then h{x) G h{I) implies that a; G I. Thus we 
have shown that 

(8.5) hYj]y{Tuy{Co{V)))<ZI. 

It follows from Eq.|H!land Eq. EH that I{uy) Q I- 

Let q : 0{Co{E°^^), X) /I(jjy) -> 0{Co{E'^^^), X) /I be the canonical quotient 
map. It follows from Lemma 18.201 that hjjy induces an isomorphism 

hu,v ■■ 0{C^{El^),X)/I^JJy) ^ 0{Co{V),X/XI). 

Define k := qohyy. We shall show that the hypotheses of CoroUarv 17 . 1 51 hold . To 
begin, for any a £ A we have 

K[TTo{q\a))) q{hjjy{-Ko{q\a)))) 

= g(/(^-^)(^Q(a))) 

= g^(7i"Q(a)) 

so that 

K{-Ko{q\a))) = TTQ{a) el ^ ael := Cq{U) ^ q\a) = 
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and the restriction of k to ttq(A/I) is injective. 

Next, for any q^{a) G Jx/xi = C'o((i?j/)rcg) it follows from |19l Lemma 2.7] that 
(t^A/iW {o)) ~ 9yc(0(a))- Thus Eg. 18.31 implies that 

(Z^(-.-)(7rg)(0(a)))=vr«(<^^/,(<Z^(a))), 

and consequently 

K (^o(g^(a)) - 7r«(0^/,(g^(a)))) = q{hu,v{TT,{q\a)) - n^^\4>A,i{q\a))))) 

= <f(^Q(a)-^g^(0(a))) 

so that 

K (^o(g'(a)) - 7r(i'(0^//(g^(a)))) = =^ 7rQ(a) - 7rg'(0(a)) e X 

=^ /iC/,v(7rQ(a) - 7r^^'((/i(a))) G huy{I) 

and since kerp = h{J), we see that k (^TTQ^q^ (a)) — tt^^ {(f>ji/j(q\a)))j ~ implies 
that 7r(g^(a)) - tt^i) (0^/7((j^(a))) S so that g^(a) e Cq{V) and 7ro(g^(a)) - 

7rg^^((/!)^/7(g-'^(a))) = 0. Thus the restriction of k to (ttq — tt^^^ o 0A//)(C'o((-£^c/)rog)) 
is injective. 

Finally, since X is a gauge- invariant ideal, the gauge action of C*{Q) descends to 
a gauge action on C*{Q) /X, and by checking on generators one can easily verify that 
K intertwines this gauge action and the canonical gauge action on 0{Co{V), X/XI). 

The previous three paragraphs show that the hypotheses of CoroUarv 17 . 1 51 hold . 
and thus k := q o huy is injective. Since huy is an isomorphism, it follows that 
q : 0{Co{E?^g),X)/j[uy) 0{CoiE°^g),X)/I is injective and thus J = I{uy)- 

Injectivity: To see that the map (U, V) i— > I((7.y) is injective, we need to show that 
whenever (U, V) is an admissible pair, then 

TTQ (a) e 2'(!7.v') a G Co{U) for all a g A 

and 

huyiTu.viq'ia))) C I^^.v) ^ ^'(a) € Co{V) for all q' (a) G J{X/XI). 

To begin, we see that if a e Co(U), then 7rg(a) G ^{u,v) by the definition 
of T(^u Yy For the converse, let 7rg(a) G T(jjyy By Lemma 18.201 we have that 
ker/if/y — I(uy)^ and thus we see that '^^{q^ {a)) = /i(7,y(7rg(a)) = 0. But Corol- 
lary ^31 implies that ttq is faithful, and thus q^{a) = and a G I = Co{U). 

In addition, we see that q^{a) G Co{V) impHes that h^]y{Tuy{q^ (a))) C l(u,v) 
by the definition of 1(uy) ■ For the converse, let q^{a) e J{X/XI) with h^\.{Tu,v{q' (a))) C 
J(ij,v)- Then since I(t/.v') = keihijy we see that 

rc/,y(g'(a)) - hu,vih^^y{Tu,viq'{am = 

and by Lemma [2. 91 we have that q^ {a) E Co{V). 
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Quotient: Finally, we see from Lemma lOll that C*{Q)/I(u,v) = OiCo{V), X/XI), 
and it follows from Corollary01tliatO(Co(F),X/X/) = C*{Qu{V)) = C*{Q(^u,v))- 

b 

Corollary 8.23. Let Q = , ,r, s, X) be a topological quiver with the property 
that E^^ — and the property that s{E^) is a clopen subset of E'^ . Then there is 
a bijective correspondence from the set of saturated hereditary open subsets of E^ 
onto the gauge-invariant ideals ofC*{Q) given by 

U i—f Tu := the ideal in C* (Q) generated by 7rg(Co(C/)). 

Furthermore, for any saturated hereditary open subset U we have that 

C*{Q)/Iu = C*{Qu). 

Proof. It follows from Lemma FS . 1 21 that E'^^^U = (£'[Jr)iog for any saturated hered- 
itary open set U . Thus the only admissible pairs for Q are of the form ([/, (£'{j)rog)- 
The corollary then follows from the fact that T(^ij (^E°j)ras) ~ -^u- ^ 

9. A Condition for all Ideals to be Gauge-Invariant 

In analogy with graph algebras (see ^5. Theorem 4.4] and |3 Corollary 3.8]) we 
shall give a condition for a topological quiver to satisfy that will ensure that all 
ideals in the associated C* -algebra are gauge-invariant. 

Definition 9.1. The following definition generalizes Condition (K) defined for graphs 
in §6] (which, in turn, generalizes Condition (II) for Cuntz-Krieger algebras). 

Condition (K): For every saturated hereditary open subset U of Q, the subquiver 
Qif of Definition 18 .81 satisfies Condition (L). 

Remark 9.2. If ([/, V) is an admissible pair for Q, then we see that any loop in 
Q(u,v) must have all of its vertices in Qu (since the other vertices are sinks). Thus 
Q(u,v) satisfies Condition (L) if and only if Qu satisfies Condition (L). Conse- 
quently, Condition (K) is equivalent to requiring that Q{u.v} satisfies Condition (L) 
for every admissible pair {U, V). 

Definition 9.3. If Q is a topological quiver, we say that a loop a = ai . . . a„ is 
simple if s{ai) ^ s{ai) for all i e {2, 3, . . . , n}. 

Remark 9.4. In light of how Condition (L) was generalized from graphs to topolog- 
ical quivers in Definition l6.9l one might conjecture that Condition (K) is equivalent 
to requiring that the set of all base points of simple loops in Q has empty interior. 
This turns out to not be the case as the following example shows: Let Q be the 
topological quiver defined by letting E° = [0,2], E'^ = [0, 1], r : E° by 

r{x) = 2x, and s : E^ E^ by s{x) = x. Then there is only one simple loop in 
Q and it is based at the point 0. Furthermore, the set {0} is not open. However, 
U := (0, 2] is a saturated hereditary subset, and Qu is the graph with one vertex 
and one edge, which does not satisfy Condition (L). 

Definition 9.5. If Q = {E^ , E^ ,r, s, X) is a topological quiver and v^w G E°, then 
we write vu > v to mean that there is a path a G E"' with s(a) = w and r{a) — v. 
We also define v- := {w E E'^ : w > v}. 
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Proposition 9.6. Let Q = (E'^ , ,r, s, X) be a topological quiver, let v £ E^ he 
a vertex which is isolated in v-, and suppose that there is a unique simple loop 
a — ai .. .Un whose base point is v. If ^ E E^ is an edge with r(7) G v- and 
3(7) — s{ai) for some i G {1, . . . n}, then 7 — ai. 

Proof. We shall prove the theorem inductively. Suppose first that i — 1. Now if 
N is any neighborhood of 7 in E^, then because r is an open map we see that the 
set r{N) is a neighborhood of ^(7). Since r^j) £ v-, there is an edge j3 £ N with 
r(/3) £ V-. Because N was arbitrary, this shows that we may choose a sequence 
of edges {/3fe}^i C E^ with limfc^fe = 7 and r{l3k) £ for all k £ N. The fact 
that s is continuous implies that limfe s{f3k) = 3(7) = v, and since {r{Pk)}kLi ^ 
implies that {s{Pk)}'kLi ^ v-, and v is isolated in v-, it follows that there exists 
M £ N such that s(/?fe) = v for all k > M. But then, since r(/3fe) £ v- for all fc, 
we see that for all A: > M there is a loop based at v whose initial edge is Pk- Since 
a = ai . . . q;„ is the unique simple loop based at v, this implies that (3k = Oii for all 
k > M. Thus 7 — limfc f3k = cti- 

Using the fact that the proposition holds for i = 1, we can then show it also holds 
for i = 2. Since s{ai) = v is isolated in v-, it follows that s(ai) = u is isolated in 
V-. Consequently, the singleton set {v} is open in v-. Because s is continuous and 
r is open, it follows that r{s^^{v)) n v- is an open subset of v-. But because the 
proposition holds for i = I we see that r{s~^{v)) r\v-= {r{ai)} — {s{a2)}. Thus 
{s(a2)} is open in u-, and {s{a2)} is isolated in v-. Using an argument as in the 
first paragraph, we can show that if 7 is an edge with s{j) — 5(0:2) and r(7) £ v-, 
then it must be the case that 7 = 02- 

Arguing in a recursive fashion, we are then able to show that the proposition 
holds for all i e {1, . . . , n}. □ 

Lemma 9.7. Let Q — {E'^ , E^ ,r, s, X) be a topological quiver. If H is a saturated 
hereditary subset of E'^ , then Int H is a saturated hereditary open subset of E^ . 

Proof. Clearly, Int H is open. To see that Int H is hereditary, let a £ E^ with 
s{a) £ IntiJ. Then there exists an open set V C H with s{a) £ V. But since H 
is hereditary, we have that r{s~^{V)) C H. Furthermore, since s is continuous and 
r is open it follows that r{s^^{V)) is a neighborhood of r{a) which is contained in 
H. Thus r{a) £ Int H, and Int H is hereditary. 

To see that Int H is saturated, let V be an open subset oiE°^^ with r{s-^(y)) C 
Int H. Since Int H C H and H is saturated, we see that we must have V C H. But 
since V is open, it follows that V C Int H. We then have from Lemma 18.41 that 
Int H is saturated. □ 

Lemma 9.8. Let Q — E^, r, s. A) be a topological quiver. If v is the base point 
of a loop in Q, then H :— {w £ E'^ : w ^ v} is a saturated hereditary subset of E^ 
and 

Int H = E"\^ 
is a saturated hereditary open subset of E^ . 

Proof, li a £ E^ and s{a) ^ w, then it must be the case that r{a) ^ w. Thus H 
is hereditary. In addition, the fact that u is on a loop shows that whenever v £ E° 
with r{s~^{v)) C H, then we must have v £ H. Hence H is saturated. 
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Since H is saturated and hereditary, it follows from Lemma 19.71 that Int H — 
lnt{E^\v-) = E'^\v^ is a saturated hereditary open subset of E^. □ 

Proposition 9.9. If Q ~ (E'^ , E^ ,r, s, X) is a topological quiver, then Q satisfies 
Condition (K) if and only if the set 

{v G E^ : V is the base point of exactly one simple loop and v is isolated in v- } 
is empty. 

Proof. Suppose that Q does not satisiy Condition (K). Then there exists a satu- 
rated hereditary open subset [/ C with the property that Qjj does not satisfy 
Condition (L). Let V be an open subset of := E'^\U in which every vertex is the 
base of a loop with no exits in Qjj. Choose an element v G V, and let a = ai . . . a„ 
be a loop of minimal length based at v with no exits in Qij. By minimality a is 
simple, and since a has no loops in Qu and U is hereditary, it follows that a is 
the unique simple loop in Q based at v. Furthermore, after possibly shrinking V, 
we may assume that V n {r{ai)}"Zi = 0. We shall now show that v is isolated in 
V-. Suppose that {vi}°^^ is a sequence of vertices in v- that converges to v. Since 

V ^ U and U is saturated hereditary, it follows that v- C E'~'\U = Q^. Thus for 
large enough i we have that Vi is in V. But V O v- = {v} since any vertex in V is 
on a unique simple loop in Qu and no vertices of a other than v are in V. Thus 
for large enough v we must have that Vi equals v, and consequently v is isolated in 
V-. Hence we have shown that w is a vertex that is the base point of exactly one 
simple loop and v is isolated in v-. 

For the converse suppose that there exists a vertex v that is the base point of 
exactly one simple loop a — ai . ..an and that v is isolated in v-. If we define 
U :— E'^\v-, then it follows from Lemma lH^Hl that [/ is a saturated hereditary open 
set. Let us now consider the subquiver Qjj. Since v is isolated in v- it follows that 

V is isolated in = v-, and thus {v} is an open subset of Q^j. Furthermore, it 
follows from Proposition 19 . 61 that a has no exits in Qu. Thus Qu does not satisfy 
Condition (L), and Q does not satisfy Condition (K). □ 

Theorem 9.10. Let Q — £^^, r, s, A) be a topological quiver that satisfies Con- 
dition (K). Then every ideal in C*(Q) is gauge invariant. 

Proof. Since Qu satisfies Condition (L) for every saturated hereditary open subset 
U, we may repeat the proof of surjectivity in Theorem 18 . 221 and use Corollarv l7.16l 
in place of Corollarv l7.15l This shows that every ideal is of the form for 
some admissible pair ([/, y), and consequently every ideal is gauge invariant. □ 

Theorem 18.221 and Corollary 1^23 then give us the following corollaries. 

Corollary 9.11. Let Q = [E^ ., E^ ,r, s,\) be a topological quiver that satisfies 
Condition (K) . Then there is a bijective correspondence from the set of admissible 
pairs of Q onto the ideals of C*{Q) given by 

{U,V)^I(u,v)- 

Furthermore, for any admissible pair (U,V) we have C* {Q) /X^uy) — C* {Q(^ijy)). 

Corollary 9.12. Let Q ~ (EF' ,E^ ,r,s,X) be a topological quiver satisfying Condi- 
tion (K) with the property that Ef^^ = E^ and the property that s{E^) is a clopen 
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subset of . Then there is a bijective correspondence from the set of saturated 
hereditary open subsets of E'^ onto the ideals ofC*{Q) given by 

U t-^ Xjj := the ideal in C* (Q) generated by t^q{Cq{U)). 

Furthermore, for any saturated hereditary open subset U we have C*{Q)/Iu = 
C*iQu). 

10. Simplicity of C*-algebras associated to Topological Quivers 

Definition 10.1. We say that a topological quiver Q = {E'^ , E^ ,r, s, X) is minimal 
if the only saturated hereditary open subsets of Q are E'^ and 0. 

This section shall be devoted to proving the following theorem. 

Theorem 10.2. If Q — {E'^ , E^ ,r, s, X) is a topological quiver, then C* (Q) is 
simple if and only if Q is minimal and satisfies Condition (L). 

To prove this theorem we shall need a number of lemmas. 

Definition 10.3. If Q = E^ , r, s, A) is a topological quiver, then we define the 
following subsets of For any n S N we define i„ to be the set of base points of 
loops of length n with no exits, and we also define to be the set of base points 
of simple loops of length n with no exits. Furthermore, we define Loo to be the set 
of base points of loops with no exits. 

One can easily check that = L„\ IJ^Zj^ for all n ^ N , and that Lqo = 
U^i = U^i ^n- '^^^ mention that Q satisfies Condition (L) if and only if 
Lao has empty interior. In addition, \i v £ Leo, then v is the base point of a unique 
simple loop (the uniqueness is due to the fact that any other simple loop would 
provide an exit). 

Lemma 10.4. Let Q = {E'^ , E^ ,r, s, X) be a topological quiver. If a, a' G E^ with 
s{a), s(a') e Loo r(a) = r{a'), then a = ol . 

Proof. We see that any v G L^o is the base of exactly one simple loop, and fur- 
thermore, this loop must have no exits. Since s{a),s{a') G Loo and r{a) — r{a'), 
we see that s{a) and s{a') must lie on the same simple loop with no exits. But 
because r(a) — r(a'), the only way that this can occur is if a = a'. □ 

The following lemma and its proof were described to the authors by Takeshi 
Katsura. 

Lemma 10.5. Let Q = {E'^ , E^ , r, s, A) be a topological quiver. Then Loo has empty 
interior if and only if Lf^ has empty interior for all n € N. 

Proof. Since Loo — U^i ^^e that if each L^ has empty interior, then Loo 

has empty interior. 

Conversely, suppose that Loo does not have empty interior. Then there exists 
a nonempty open subset Vq of E° with Vq C Loo. Set V := Ur=i 
Since s" is continuous and r" is continuous and open, we see that V is an open 
subset of E°. Furthermore, since every element of Vq is the base point of a loop, 
we see that V is nonempty. 

By the way V is defined we see that r{s~^{V)) = V. Thus we may consider 
the restriction r|g-i(y) : s~^{V) V. It follows from Lemma [10.41 that 
is injective. In addition, since any vertex in y is on a unique simple loop, every 
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vertex in V is the range of some edge whose source is in V, so that f |s-i(y) is 
surjective. Furthermore, since r is continuous we see that the restriction ?'|s-i(y) is 
continuous, and since r is an open map and s~^{V) is an open subset of it follows 
that is an open map. Thus ?'|s-i(v) ■ V is a. homeomorphism. 

If we define f ■ V ^ V hy f — so(r|s-i(y))^^, then / is continuous. Furthermore, 
because LndV = {v £ V : f^{v) = v}, we see that L„ n is a closed subset of V. 
Since V is an open subset of a locally compact Hausdorff space, and U^iC^n'"'^) = 
Loo CiV — V, and each of the L„ fl Vs is a closed subset of V, it follows from the 
Baire Category Theorem (see ^1 Theorem 10.3]) that there exists n G N for which 
Ln r\ V has empty interior. Let n be the smallest such element of N with this 
property. Then since (ifj D V) — (i„ n ^)\ Ufe=i (-^fc ^ ^) must have that 

n V contains a nonempty open subset. Hence has empty interior. □ 

Lemma 10.6. Let Q = {E^ , ,r, s, X) be a topological quiver. If Q is minimal 
and satisfies Condition (L), then Q satisfies Condition (K). 

Proof. Let v be an element of E^ with the property that v is the base point of a 
simple loop and v is isolated in v-. We shall prove that v is the base point of more 
than one simple loop. 

Define H := {w G E'^ : w ^ v}. It follows from Lemma 19.81 that IntiJ is a 
saturated hereditary open subset of E'^. Since Q is minimal, we must have that 
either Int H = E^ or IntH = 0. But since i; is on a loop, we see that v ^ H and 
consequently v ^ IntH. Thus IntiJ ^ E^ and we must have IntH = 0. 

Since Int H — (d, it follows that E'^\H = v- is dense in E'~'. Additionally, because 
V is isolated in v-, there exists an open set W of with W D v- = {v}. Now if 
there existed an element w G W with w ^ v, then w would not be a limit point of 
V-, which would contradict the fact that v~ is dense in E^. Thus we must have 
that W = {v}, and {v} is an open subset of 

Let a = ai . . . a„ he SL simple loop based at v, and define Vi := s{ai) for i = 
1, . . . , n. Since {v} is open, the fact that Q satisfies Condition (L) implies that the 
loop a has an exit. Let k he the smallest element of {1, . . . ,n} for which there 
is an exit of a whose source is s{ai~)- Then {vk} is an open subset of E^ due to 
the fact that {vi} is open and Vi = r{s~^{vi-i)) for i — 2, . . . , fc. Consequently 
r(s^^(wfc)) is an open set, and since a has an exit at Vk one of two things must 
occur: Either r{s~^{vk)) — {vk+i}, or {ffc+i} is a proper subset of r{s~^{vk))- 
If r{s~^{vk)) = {ufc+i}, then the exit based at Vk has range Vk+i and there are 
multiple simple loops based at v. If {wfc+i} is a proper subset of r{s^^{vk)) then 
since v- is dense in E^ there exists an element w G r(s~^(w/j))nw- with w ^ Wfc+i. 
But then w > v and there is more than one simple loop based at v. Thus in either 
case we have that v is not the base of exactly one simple loop. Hence the set 

{w e : w is the base point of exactly one simple loop and v is isolated in v- } 

is empty, and it follows from Proposition 19 . 91 that Q satisfies Condition (K). □ 

Proof of Theorem MU.'A Let Q — {E'^ , E^ ,r, s, X) he a topological quiver. If Q 
is minimal and satisfies Condition (L) , then it follows from Lemma 110.61 that Q 
satisfies Condition (K). But then it also follows from Corollarv l9. 1 II that there is a 
bijective correspondence between the ideals of C*{Q) and the admissible pairs of 
Q. Since Q is minimal, the only saturated hereditary open subsets of Q are E° and 
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0. Consequently, the only admissible pairs of Q are (i?°,0) and (0,i?J?(,g), which 
correspond to the ideals C*{Q) and {0}, respectively. Thus C*{Q) is simple. 

Conversely, suppose that C*{Q) is simple. Let [/ be a nonempty saturated 
hereditary open subset of Q. Then {U, (i?jjr)rcg) is an admissible pair of Q and 
^((7 (£" )rog) ^ nonzero ideal in C*{Q). Since C*{Q) is simple it follows that 
^iu,iE°j)^^g) = C*{Q), and because Theorem l8.22l states that there is a bijective cor- 
respondence between admissible pairs of Q and gauge-invariant ideals in C*(Q), we 
must have {U, (i?j})rcg) = (-E°,0). Thus U = E° and the only saturated hereditary 
open subsets of Q are and 0. Consequently Q is minimal. 

In addition, we shall show that Q satisfies Condition (L). Suppose to the contrary 
that Q does not satisfy Condition (L). Then the subset Loo has nonempty interior. 
By Lemma 110.51 there exists n S N such that Lf^ has nonempty interior. Let 
y be a nonempty open subset of with V C Lf^. Also define V[) := V and 
Vk := r'=((s'^)-i(V")) for fc = 1, . . . ,n - 1. Then W := Ufe=o is an open subset 
of and W C Lf^. Furthermore, since every vertex in W is the base point of 
a simple loop with no exits, for every v G W there is a unique edge a G E^ with 
s{a) = V. We define a map h : W ^ W hy h{v) :— r{a) where a is the unique edge 
with s{a) — V. We see then that 

h{S) = r{s-HS)) foranyS-Ciy. 

Since W is an open subset of E'^ , s is an open map, and r is open, it follows that 
h : W —^ W is a, continuous map. Furthermore, since every vertex in W is the base 
of a simple loop of length n, we see that ft, is a bijection, and 

/i-i(S') = r"-i((s"-i)-i(S')) = /i"-i(S') for any C 

so that h is continuous. Consequently, h : W ^ W is a, homeomorphism. 

Furthermore, every vertex v G W has the property that h"-{v) — v and h''{v) ^ v 
for k = — 1. This fact, combined with the fact that h : W ^ W is 

a homeomorphism, shows that we may choose a nonempty open subset U with 
the property that the collection {hf' {U)}'^~^} is pairwise disjoint. It follows that 
U' :— Ufe=o h''{U) is a an open subset of and since every vertex in U' is the 
base of a loop of length n with no exits, we see that U' is a hereditary open set. It 
follows from Lemma [8. 51 that 

X(7' :— the ideal in C*(Q) generated by ttq{Cq{U')) 

is X-invariant. Consequently, JHl Theorem 3.1] implies that Iw is Morita Equiv- 
alent to C'(Co(£;?eg) n Cq{U'),X- Co{U')) 0{Co[U'),X- Cq{U')), which is the 
C* -algebra associated to the topological quiver Q' whose vertex and edge sets are 

n—l n— 1 

f^o [/' ^ IJ hk^u) and |J s-\h''{U)) 

and with the restrictions r\pi, s\pi, and A|^i as the range map, source map, and 
family of measures, respectively. 

We claim that C*(Q') is isomorphic to C(T) (g> M„(C) (g) Co{U). To see this, 
first define G to be the graph consisting of a single cycle of length n; that is, 
G" = {vkYlZl Gi := {ak}lZl, s{ak) = vu iov Q < k < n - 1, r{ak) = vt+i for 
< fc < n — 1, and r{an) = vq. If G x U denotes the topological quiver defined in 



TOPOLOGICAL QUIVERS 



53 



Example 1^23 then we may construct an isomorphism between Q' and C? x J7 as 
follows: We define : G"' x [/ ^ by 

and we define $e : x [/ ^ by 

$e(afc,w) := s"^(/i'=H). 

Since /i is a homeomorphism, it is easy to verify that $e) gives an isomorphism 
between the quivers G x U and Q'. (We also mention that the measures in this 
case are all equal to counting measure, and that r\pl{v) contains a single element 
for aU V e F".) Thus C*(Q') ^ C*(G x U) and by Remark IX^ we see that 
C*(Q') C*(G) (g> Co{U). Furthermore, it follows from [23 Lemma 2.4] that 
C*(G) ^ G(T,M„(C)) ^ G(T)(g)M„(C). Hence G*(Q') ^ G(T) M„(C) (g) Go(C/). 

Because G(T) has uncountably many ideals, it follows that C*{Q') = G(T) ® 
M„(C)(8)Go(C/) has uncountably many ideals. Furthermore, since G*(Q') is Morita 
Equivalent to Xw , and because the ideal structures of Morita equivalent G* -algebras 
are isomorphic via the Rieffel correspondence, it follows that Xu' contains uncount- 
ably many ideals. Since Ijj' is an ideal in the G*-algebra G*(Q), it then follows 
that C*{Q) has uncountably many ideals. But this contradicts the fact that G*(Q) 
is simple. Hence Q must satisfy Condition (L). □ 
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